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THEORETICAL STUDY OF CORRUGATED PLATES: 

SHEARING OF A TRAF'EZOIDALLY  CORRUGATED  PLATE WITH 

TROUGH LINES HELD STRAIGHT 

By Chuan-jui  Lin*  and  Charles  Libove** 

Syracuse  Universi ty  

STJMMARY 

A t h e o r e t i c a l   a n a l y s i s  i s  p r e s e n t e d   o f   t h e   e l a s t i c   s h e a r i n g   o f  a t rape-  
zoidal ly   corrugated  plate   with  discont inuous  a t tachment  at  the   ends  of  t h e  
cor ruga t ions   and   wi th   t rough  l ines   cons t ra ined   to   remain   s t ra ight .   Numer ica l  
r e s u l t s   o n   e f f e c t i v e   s h e a r i n g   s t i f f n e s s ,  stresses, and  displacements are 
presented   for   se lec ted   geometr ies  and  end-attachment  conditions. It i s  shown 
that   the   f rame-l ike  deformations  of   the   cross   sect ions,   which  resul t   f rom  the 
absence  of  continuous  end  attachment,   can  lead  to  large  transverse  bending 
stresses a n d   l a r g e   r e d u c t i o n s   i n   s h e a r i n g   s t i f f n e s s .  Some sugges t ions  are 
made fo r   r educ ing   t hese   e f f ec t s .  

INTRODUCTION 

I n   t h i s   r e p o r t  a t h e o r e t i c a l   s t u d y  is  made o f   t h e   e l a s t i c   s h e a r i n g   o f  a 
t rapezoida l ly   cor ruga ted   p la te   for   the   purpose   o f   de te rmining   the   e f fec t ive  
shea r ing   s t i f fnes s ,   t he   de fo rma t ions  and t h e   s t r e s s e s .  The configurat ion  of  
t h e   p l a t e  is shown i n   f i g u r e  1, which a l so   g ives  some o f   t h e   n o t a t i o n   t o   b e  
employed. 

The t rough   l i nes  (mn i n   f i g .   l ( b ) )   a r e  assumed t o   b e   h e l d   s t r a i g h t ,  and 
t h e   s h e a r f n g   o f   t h e   p l a t e  is  accomplished by s h i f t i n g  them long i tud ina l ly  
wi th   r e spec t  to each .o the r  s o  as to   p roduce   the  same o v e r - a l l   s h e a r i n g   s t r a i n  
i n  each  corrugat ion.  The assumed s t ra ightness   o f   the   t rough  l ines   cor responds  
t o   t h e   c a s e   i n   w h i c h   t h e   c o r r u g a t e d   p l a t e  i s  a t t a c h e d   t o  a f l a t   p l a t e   o r  some 
o t h e r   s t r u c t u r e   a l o n g   t h e   t r o u g h   l i n e s ;   t h e   a n a l y s i s  i s  therefore   only  approxi-  
ma te ly   app l i cab le   t o   t he   ca se   o f  a c o r r u g a t e d   p l a t e   b y   i t s e l f .   I n   t h e  l a t t e r  
case   t he   t rough   l i nes  w i l l  t e n d   t o   c u r v e   i n   t h e   h o r i z o n t a l  (xz) plane.  

*NDEA Fellow 
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I n   t h e   a n a l y s i s  two k inds   o f   condi t ions  are assumed along  the  t rough 
l ines :   e i ther   comple te   f reedom of r o t a t i o n  or complete  suppression  of 
ro t a t ion ,   r ep resen t ing  two l imi t ing   assumpt ions   for   the   degree   o f  
r o t a t i o n a l   r e s t r a i n t   f u r n i s h e d  by t h e  medium t o  wh ich   t he   t rough   l i nes  
might  be  attached.  These two k inds   o f   cond i t ions  are shown schemat ica l ly  
i n   f i g u r e  2. No o t h e r   k i n d   o f   i n t e r f e r e n c e  is  assumed t o   b e   p r e s e n t ,  
a long   the   l ength   o f   the   t rough  l ines ,   be tween   the   cor ruga ted   p la te   and  
t h e  medium t o  which i t  is a t tached .  

The analysis   encompasses   three  kinds  of   condi t ions a t  the   ends   o f  
t h e   p l a t e  (z = 5 b ) .  These are i l l u s t r a t e d   i n   f i g u r e  3 and may be 
descr ibed  as follows: 

( i )   At tachments  a t  the   ends   o f   the   t rough  l ines   on ly   ( f ig .  
3(a)) ,   the   a t tachments   being  considered as mathematical 
p o i n t s ,   o f f e r i n g   r e s t r a i n t   a g a i n s t   d i s p l a c e m e n t   b u t   n o t  
a g a i n s t   r o t a t i o n .  

( i i )  Attachments at  the   ends   o f   bo th   the   t rough  l ines  and the  
c re s t   l i nes   ( f i g .   3 (b ) ) ,   t he   a t t achmen t s   aga in   cons ide red  
as po in t s .  

( i i i )  Very wide  attachments at  the  ends  of   the  t rough  l ines  
only,  as shown in   f i gu re   3 (c ) .   Th i s   t ype   o f   a t t achmen t  
i s  approximated i n   t h e   a n a l y s i s  by means o f   t he  
i d e a l i z a t i o n  shown i n   f i g u r e   3 ( d ) ,   i . e .  by adding ,   to  
t he   end   cons t r a in t s   o f   f i gu re   3 (a ) ,  end c o n s t r a i n t s  
aga ins t   ver t ica l   d i sp lacement   (bu t   no t   aga ins t   longi tudina l  
displacement) a t  t h e   j u n c t i o n s  0-f the   t rough  p la te   e lement  
and   the   ad jacent   inc l ined   p la te   e lements .  

Attachment ( i i i )   a l so   r ep resen t s   an   ove r -e s t ima te   o f   t he   cons t r a in t   a f fo rded  
by interference  between  the  end o f  t he   co r ruga t ion  and t h e  member t o  which 
the  end  of   the  corrugat ion i s  a t tached .  The i n t e r f e r e n c e   r e f e r r e d   t o   c a n   b e  
s e e n   i n   t h e   p h o t o g r a p h   i n   f i g u r e  5 (taken  from ref.  1). 

Numerical   resul ts  on s h e a r i n g   s t i f f n e s s ,  stresses and  deformations  for 
selected  geometr ies  are presented  and  discussed.   In   the  numerical   work,   only 
the   case  cf n o   r o t a t i o n a l   r e s t r a i n t   a l o n g   t h e   t r o u g h   l i n e s   ( f f g .   2 ( a ) )  i s  
considered. All th ree   o f   t he  end  conditions shown i n   f i g u r e  3 are considered 
f o r   t h e   c a l c u l a t i o n s   o f   s h e a r i n g   s t i f f n e s s ,   b u t   o n l y   t h e   e n d   c o n d i t i o n s   o f  
f i g u r e   3 ( a )   f o r   t h e   c a l c u l a t i o n s   o f  stresses and  deformations. 

The p r e d i c t i o n   o f   t h e   p r e s e n t   t h e o r y   w i t h   r e g a r d   t o   s h e a r i n g   s t i f f n e s s  
i s  compared wi th   t he   r e su l t   o f   an   expe r imen t   r epor t ed   i n   r e f e rence  2 ,  and 
good agreement i s  found. 
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SYMBOLS 

" 

A1* A3 

" 1 1  

A12' A22 

ATy A* 3 

a l '  a29  a 3  

all' a12'  a22 

a 

a' 2 2  

a;2 

a 22 

c o e f f i c i e n t s   i n   e q u a t i o n   f o r  u,(z) (see  eq.  (C30)) 

def ined  by  equat ions ( A l O )  

def ined  by  equat ions (D34);  used in   equa t ion  (D33) 

c o e f f i c i e n t s   i n   e q u a t i o n s   ( 3 1 )   t o   ( 3 4 )   f o r   d i s p l a c e -  
ments;  obtained  by  solving  equations  (C33), (C38) 
o r  (C38'),  depending on the  type  of  end  attachments 

def ined  by  equat ions (50) 

def ined  by  equat ions (D8) 

defined by equat ions  (E26);   used  in   equat ions (E25) 

defined  by  equations  (62) 

c o e f f i c i e n t s   i n   e x p r e s s i o n   f o r  Ub (see  eqs.  (14) 
and (15)) 

defined  by  equation (C7) 

defined  by  equation (C12) 

def ined  by  equat ions (C13) 

def ined  by  equat ions (D7) 

defined by equation (D15) 

defined by equation (D24) 

defined by equation  (E7a)  or  (E7b),  depending  on 
the   k ind  of r o t a t i o n a l   r e s t r a i n t   a l o n g   t h e   t r o u g h  
l i n e s  

defined  by  equation (E19a) o r  (E19b) depending 
on t h e   k i n d   o f   r o t a t i o n a l   r e s t r a i n t   a l o n g   t h e  
t rough   l i nes  
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A 

b 

bl 

bll’ b12’ b22 
* * *  

c. 

C 

c. 

* * *  
5 1 ’  c12’ c22 

s ,  Ez 
- 
c = Gtfk  

D 

00 

D . / A  (j = 1 y 2 , . . . y 8 )  
J j  

d l l ’  d21’ d22 

* * *  
dll’  d21’ d22 - I 

dll’ d21 

E 

obtained  by  solving  equat ions (C24) 

o n e - h a l f   t h e   l e n g t h   o f   t h e   c o r r u g a t i o n s   ( s e e   f i g .   l ( b ) )  

def ined  by equations  (62) 

c o e f f i c i e n t s   i n   e x p r e s s i o n   f o r  U (see  eqs .   (3)   and 
(4) 1 e x t  

def ined  by equat ion  (C7) 

def ined  by equat ion  (C12) 

def ined  by equat ions  (C13) 

obtained by so lv ing   equat ions  (C24) 

c o e f f i c i e n t s   i n   e x p r e s s i o n   f o r  U (see  eqs.  (7) and 
(8) 1 s h  

c o e f f i c i e n t s   i n  series expans ion   for  R (see  eqs .   (28)  
and (C21) ) 

defined by equat ion  (C7) 

def ined  by equat ion  (C12) 

def ined  by equat ions  (C13) 

def ined  by equat ions  (C35) 

frame f l e x u r a l   s t i f f n e s s ;   u s u a l l y   d e f i n e d  by  equation 
(16b) 

obtained by so lv ing   equat ions  (C24) 

c o e f f i c i e n t s   i n   e x p r e s s i o n   f o r  U (see  eqs .  (7) 
and  (8) 1 

def ined  by equat ions  (C13) 

def ined  by equat ion  (C37) 

Young’s  modulus associated  with  f rame  bending  of   the 
c r o s s   s e c t i o n s  

sh 

I 

E Young’s  modulus a s soc ia t ed   w i th   l ong i tud ina l   ex t ens ion  
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i 

e 

ells  e12’  e22 

& 

ell’  e12’  e22 
.1r  .1r 

11’  12’  22 e’ ’ 
eil, e’ e’ 

e’ 

12’  22 

22 
I 

e22 

F 

F’ 

f 

fSS’  fSC’  fcs’ 

fcx’  fcY’  fsX’  fsY 

f 

fl 

G 

G’ 

one-half  the  width  of  the  trough  plate  element 
(see  fig. l(a)) 

coefficients  in  expression  for Ush (see  eqs. (7) 
and (8)) 

coefficients  in  expression  for U (see  eqs.  (12) 
and (13)) tw 

defined  by  equations  (B2) 

defined  by  equation  (C7) 

defined  by  equations  (C12) 

defined  by  equations  (C13) 

defined  by  equations  (C13) 

defined  by  equation  (C37) 

defined  by  equations  (D6) 

defined  by  equations  (D10) 

defined  by  equation  (D15) 

defined  by  equation  (D24) 

shear  force  (see  fig. l(b)) 

shear  force  associated  with y ’  (see  eq. (38)) 

cross-sectional  shear  force  resultants  in  plate 
elements 01, 12, 2 3  respectively  (see  fig. 9 ( a )  
and  eq.  (B15)) 

width  of  the  crest  plate  element  (see  fig. l(a)) 

functions  of z defined  by  equations  (51) 

functions  of z defined  by  equations  (52) 

defined  by  equation  (C7) 

defined  by  equation ((212) 

shear  modulus  associated  with  middle  surface  shear 
of  the  plate  elements 

shear  modulus  associated  with  torsion  of  the  plate 
elements 

effective  shear  modulus  of  corrugated  plate, T 

defined  by  equations (61) 
av’Yav 
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h 

h 
.. 
hl 

J1, J2 ,  J3 

K 

k 

kg,   k2,   e tc .  

.. 
k 

,. 

k02’ k20’ 
e t c .  

M123  M23 

M10 -M 12 

M21 = “23 

m 

ml’ “2 
A , .  

defined  by  equat ion (C7) 

def ined  by  equat ion (C12) 

he igh t   o f   co r ruga t ion   ( s ee   f i g .  l (a) )  

defined  by  equation (C7) 

def ined  by equat ion  (C12) 

tors ion   cons tan ts   o f   p la te   e lements  01, 12,  23 
r e spec t ive ly   ( s ee  eqs. (10)) 

defined  by  equat ion (C7) 

defined  by  equation (C12) 

defined by equat ion  (66) 

w id th   o f   t he   i nc l ined   p l a t e   e l emen t   ( s ee   f i g .   l ( a ) )  

c o e f f i c i e n t s   o f   c h a r a c t e r i s t i c   e q u a t i o n  (C8) f o r  r ;  
defined  by  equations (C9) 

def ined  by  equat ions (C11) 

defined by equat ion  (C7) 

defined by equat ions  (C12) 

def ined  by  equat ions (D23) 

defined by equat ions  (E181 

defined  by  equatfons (C25) 

frame  bending moments pe r   un i t   l eng th  o f  cor ruga t ion  

frame  bending moments, p e r   u n i t   l e n g t h  o f  
cor ruga t ion ,  a t  junc t ions  , 0 , @ 
r e spec t ive ly   ( s ee   f i g .   8 )  

defined  by  equation (C7) 

defined  by  equations (C12) 
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defined  by  equations  (C34) 

Nll’ N12’  etc. 

N4 
- 
” 

N31y  N32y  N33y N34 

N31’  N32’  N33’  N34 

” 

- ” -  - - - 

PB, PC, PD 

A A A  

PI’  P3’  P5’ 

“ _  

R 

- 
R 

defined  by  equations ( C 3 4 )  

defined  by  equation  (C39) 

defined  by  equations  (C39) 

defined  by  equations  (C39’) 

real  numbers  defined  by  equations  (C29)  and  (C27) 

defined  by  equations (D35) 

defined  by  equations  (D35) 

pitch  of  corrugation  (see  fig. l(a)) 

developed  width  of  one  corrugation  (2e + f + 2k) 
coefficients  in  series  expansion  for R (see  eqs.  (30) 
and  (C20)) 

coefficients  in  series  expansion  for X (see  eqs. 
(D26)  and  (D28) 

coefficients  in  series  expansion  for X (see  eqa. 
(E21);  defined  by  equations  (D28)  with  all  tildes 
(I) replaced  by  circumflex  accents (^ )  

real  numbers  defined  by  equations  (C29)  and  (C27) 

- 

defined  by  equations  (327) 

defined  by  equations  (E27) 

coefficients  in  series  expansion  for R (see  eqs.  (29) 
and  (C19) 

coefficients  in  series  expansion  for Y (see  eqs. 
(D26)  and  (D27)) 

coefficients  in  series  expansion  for X (see  eq.  (E2111 ; 
defined  by  equations  (D27)  with a l l  tildes (-1 replaced 
by  circumflex  accents (^)  

variable  in  characteristic  equation  (26) 

roots  of  characteristic  equation (26) 

effective  cross-sectional  shear  force  resultants  for 
plate  elements 01, 12, 23  respectively  (see  fig. 9(d) 
and  eq.  (B16)) 

variable  in  characteristic  equation (D21) 

7 



n 

r E R./e 
j~ 

“ 
ss ,  sc 

SB, sc, SD 

c.\ sc = cos(Vb/e) 

TPE 

TB, Tc , TD 

t 

U 

‘b 

‘ext 

‘s h 

’tw 

roots of  characteristic  equation (D21) 

variable  in  characteristic  equation  (E16) 

roots  of  characteristic  equation  (E16) 

( j  = 1, 2 ,  ..., 8) 

transverse  coordinates  along  the  cross-sectional 
centerline  (see  fig. 4(a) )  

defined  by  equations  (C35) 

real  numbers  defined  by  equations  (C29)  and  (C27) 

defined  by  equations  (53) 

torques  carried  by  plate  elements 01, 12 ,  23 * 

respectively 

total  potential  energy  of a  single  corrugation 
(see  eq. (18)) 

real  numbers  defined  by  equations  (C29)  and (C27) 

thickness  of  corrugation  (see  fig. l(a)) 

strain  energy  of  an  entire  corrugation  (see  eq. (17)); 
also  real  part  of  R1  and R and  negative  of  real  part 
of  R3  and Rh (see  eqs.  (27f) 

strain  energy  per  unit  length of corrugation 
associated  with  frame  bending  of  the  cross  sections 

strain  energy  per  unit  length  of  corrugation 
associated  with  longitudinal  extension 

strain  energy  per  unit  length  of  corrugation 
associated  with  middle  surface  shear 

strain  energy  per  unit  length  of  corrugation 
associated  with  torsion 
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U 

uO 

u1 

u2 

V 

W 
- 
W 

X 

X 
- 
,. 
X 

X 

Y 
- 
Y 

Y 

2 

a 

longi tudinal   d isplacement  

one-half   the relative shearing  displacement  of two 
a d j a c e n t   t r o u g h   l i n e s   ( s e e   f i g .   4 ( b ) )  

longi tudinal   d isplacement   ( funct ion  of  z )  along 
junc t ion  1 ( see   f i g .   4 )  

longi tudinal   d isplacement   ( funct ion  of  z )  along 
junc t ion  Q) ( s e e   f i g .   4 )  

imaginary  part   of R 1  and R3, negative  of  imaginary 
p a r t  of R2 and R4 (see   eqs .   (27) )  

funct ions  of  z defined  by  equations  (54)  and  (55) 

amplitudes  of component modes of   d i sp lacement   in   the  
Dlane  of   the  cross   sect ions  ( funct ions  of  z )  ( see  

0 

f i g .  4 ( c ) )  

funct ion  of  

funct ion  of  

real number 

real  number 

real  number 

z defined  by  equat ion (D43) 

z defined by equat ion  (E36) 

e q u a l   t o  R5 and -R ( see  eqs. (27))  6 
e q u a l   t o  R and -% (see  eqs .  (D25)) 

e q u a l   t o  R and -R2 (see  eqs.  (E20)) 

- I 

1 

1 
,. 

t r ansve r se   coo rd ina te   ( s ee   f i g .  1 (b) )  

real number e q u a l   t o  R7 and -R (see  eqs.   (27)) 

real  number e q u a l   t o  R3 and -R (see  eqs .  (D25)) 
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4 

- - 

real  number e q u a l   t o  R3 and -R4 (see  eqs.  (E20)) 

l o n g i t u d i n a l   c o o r d i n a t e   ( s e e   f i g .   l ( b ) )  

numerical   constant   having  the  value 0 i f   t h e   t r o u g h  
l i n e s  are f r e e   t o   r o t a t e  and 1 i f   t h e y  are prevented 
f rom  ro t a t ing  

def ined  by  equat ions (C36) 

def ined  by  equat ion (A8) 

def ined  by equat ions  (C36) 

def ined  by  equat ion (D8a) 

s h e a r   s t r a i n  

s h e a r   s t r a i n   i n   p l a t e   e l e m e n t s  01, 1 2 ,  23 
r e spec t ive ly  
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defined  by  equations  (D31) 

uniform  shear  strain  in  corrugated  sheet  corresponding 
to  relative  shearing  displacement  2u0 of adjacent 
trough  lines  (see  eq. (37)) 

defined  by  equations  (E24) 

computed  from  equation (C27); representable  by 
equations  (C29) 

functions  of  v1  and  v  defined  in  table Al 2 

longitudinal  strain 

longitudinal  strain  in  plate  elements 01, 12,  23 
respectively 

defined  by  equations  (C2) 

angle  between  sides  of  corrugation  and  horizontal 
(see  fig. 1) 

angles  of  rotation  of  junctions 0 and @ 
respectively  (see  fig. 6) 

Poisson’s  ratio,  taken  as 0.3 for  numerical  work 

cross-sectional  normal  stress 

cross-sectional  normal  stress  in  plate  elements 01, 
12,  23  respectively 

cross-sectional  normal  stress  (functfons  of z )  
along  junctions @ and @ (see  fig. 4(a)) 

extreme-fiber  bending  stress  (functions  of z )  at 
junctions @ , , @) respectively,  resulting 
from  frame  bending of the  cross  sections  (see  fig. 
18) 

middle-surface  shear  stress 

middle-surface  shear  stress  in  plate  elements 01, 
12, 23  respectively 

average  longitudinal  shear  stress,  F/2bt 

10 
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extreme-fiber  shear stresses due t o   t w i s t i n g   o f  
the   p la te   e lements   01 ,  1 2 ,  23   respec t ive ly   ( see  
f i g .  18) 

midd le - su r face   shea r   s t r e s ses   i n   p l a t e   e l emen t s  
01, ‘12, 23 r e s p e c t i v e l y   ( s e e   f i g .   1 8 )  

rate of t w i s t  

rate of twist of   p la te   e lements  01, 1 2 ,  23   respec t ive ly  

f a c t o r  i n  equation (35) f o r   s h e a r   s t i f f n e s s ;   d e f i n e d  
by  equation  (36) 

f a c t o r   i n   e q u a t i o n  (D37) f o r   s h e a r   s t i f f n e s s ;  
defined  by  equation (D38) 

f a c t o r   i n   e q u a t i o n  (E28) f o r   s h e a r   s t i f f n e s s ;  
defined  by  equation (E29) 

r e l a t i v e   s h e a r i n g   s t i f f n e s s ,  i .e .  s h e a r   s t i f f n e s s  of 
ac tua l   cor ruga t ion   d iv ided   by   shear   s tFf fness   o f   an  
ident ical   corrugat ion  with  cont inuous  end  a t tachment  
p roduc ing   un i fo rm  shea r ing   s t r a in   i n   t he   shee t  

another  relative s h e a r i n g   s t i f f n e s s ,   d e f i n e d  as the  
s h e a r   s t i f f n e s s   o f   t h e   a c t u a l   c o r r u g a t i o n   t o   t h a t  of 
a uni formly   sheared   f la t   p la te   o f   the  same th ickness  
and  length  and  width  equal  to p. 

defined  by  equation (69) 

ANALYSIS 

Since a l l  co r ruga t ions   a r e  assumed t o  deform i d e n t i c a l l y ,   t h e   a n a l y s i s  i s  
based on a s ing le   co r ruga t ion ,  i . e .  on t h e   p o r t i o n  of t h e   p l a t e  between two 
ne ighbor ing   t rough  l ines .   This   cor ruga t ion   can   be   regarded  as an  assemblage 
o f   r i g id ly   j o ined   f l a t -p l a t e   e l emen t s  and  can  therefore  be  analyzed  by  applying 
f l a t -p l a t e   t heo ry   and   con t inu i ty   cond i t ions   t o   t hese   e l emen t s .  An ana lys i s  on 
t h i s   b a s i s ,  however,  can  be  complicated;  therefore i n   t h e   p r e s e n t   p a p e r   c e r t a i n  
simplifying  assumptions are made and a s o l u t i o n   e f f e c t e d  by means of t he  method 
of minimum t o t a l  po ten t ia l   energy .  

Assumption  regarding  longitudinal  displacements.  - Figure  4(a)  shows a 
c ross   s ec t ion   o f   t he   midd le   su r f ace   o f  a s ing le   co r ruga t ion .  The shear ing  of 
t h i s   c o r r u g a t i o n  is assumed t o  be   e f fec ted  by a r ig id -body   sh i f t  of the  t rough 

’ l i n e  at  s t a t i o n  @ through a d i s t ance  uo i n   t h e   p o s i t i v e - z   d i r e c t i o n  and a 
rigid-body s h i f t  of t h e   t r o u g h   l i n e  a t  s t a t i o n  @ through  the same d i s t a n c e   i n  
the   nega t ive-z   d i rec t ion .  Thus the   t o t a l   shea r ing   d i sp l acemen t   o f  one  trough 
l i n e   w i t h   r e s p e c t   t o   t h e   o t h e r  is  2% . 

The longi tudinal   d isplacements  of o t h e r   p o f n t s   o f   t h e   c r o s s   s e c t i o n  are 
assumed t o   v a r y   l i n e a r l y   b e t w e e n   s t a t i o n s .  These longi tudinal   d isplacements  
are shown i n   t h e   p l a n  view ( f i g .   4 ( b ) ) ,  which a l s o  shows the i r   an t i symmetr ica l  

11 
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n a t u r e   r e s u l t i n g  from the antisymmetrical na tu re   o f   t he  imposed  displacements 
o f   t he  two t rough   l i nes .  Thus the  longi tudinal   d isplacements   of  a l l  middle- 
s u r f a c e   p o i n t s  a r e  defined  by  one  prescribed  parameter,  y, , and two  unknown 
func t ions  of z: ul(z)  and  u2(z) . I f ,  as is done  subsequent ly ,   the   shear ing 
f o r c e  F ( s e e   f i g .   l ( b ) )  is regarded as p resc r ibed ,   r a the r   t han   t he   shea r ing  
displacement uo , t h e  latter w i l l  become an   add i t iona l  unknown. 

Assumptions  regarding  displacements i n   t h e   p l a n e   o f   t h e   c r o s s   s e c t i o n .  - 
The cross   sec t ions ,   espec ia l ly   those 'near   the   ends ,   can   be   expec ted   to   undergo  
s i g n i f i c a n t   f l e x u r a l   d e f o r m a t i o n   i n   t h e i r  own p lanes ,  somewhat i n   t h e  manner of 
a r igid- jointed  f rame.   Figure 5,  taken  from  reference 1, shows such  deformations 
i n  a par t icu lar   exper iment .*  

As is  done i n  frame analys is ,   the   deformat ion   of  a c r o s s   s e c t i o n   i n  its own 
p lane  w i l l  be assumed t o  be  inextensional .  And t h e  deformed c r o s s   s e c t i o n  w i l l  
be assumed t o   h a v e   t h e  same form as a r igid- jointed  f rame whose j o i n t   d i s p l a c e -  
ments are t h e  same as the   j o in t   d i sp l acemen t s   o f   t he   c ros s   s ec t ion .  With 
s t a t i o n s  @) and @ having  no  displacements   in   the  plane  of   the  cross   sect ion,  
and  consider ing  the  required  ant isymmetry  of   the  deformation,   the   above 
assumption  leaves  only two degrees  of  freedom  for  the  deformation  of  the  cross 
s e c t i o n   i n  i t s  own plane.   That i s ,  the   d i sp l acemen t s   i n   t he   p l ane   o f   t he   c ros s  
sec t ion   can   be   represented  as a supe rpos i t i on  of the   d i sp lacements   assoc ia ted  
with  each  of two component frame-deformation  m0des.t 

The two frame-deformation modes s e l e c t e d   i n   t h e   p r e s e n t   a n a l y s i s  are 
shown i n   f i g u r e   4 ( c ) .  The f i r s t  i s  obtained  by  imposing  ver t ical   d isplacements  
of amount v l ( z )  upward a t  j o i n t  @ and downward a t  j o i n t  @ , w h i l e   j o i n t  0 
is  c o n s t r a i n e d   t o   s l i d e   p a r a l l e l   t o   l i n e  1-2 and j o i n t  @ i s  s i m i l a r l y  
c o n s t r a i n e d   t o   s l i d e   p a r a l l e l   t o   l i n e  3-4. These  s l iding  displacements  must be 
vlsin9 , a s  shown i n   f i g u r e   4 ( c ) ,   i n   o r d e r   t o   s a t i s f y   t h e   i n e x t e n s i b i l i t y  
assumption. The second component mode of  cross-sectional  deformation is t h a t  
obtained by d i s p l a c i n g   j o i n t  @ an amount v 2 ( z )   p e r p e n d i c u l a r   t o   l i n e  1-2 
and j o i n t  @ a l i k e  amount p e r p e n d i c u l a r   t o   l i n e  3-4, w h i l e   j o i n t s  @ and @ 
are constrained  to   remain  undisplaced.   In   both component modes t h e   i n t e r i o r  
j o i n t s  are permit ted  complete   f reedom  of   rotat ion,   and  the  edge  joints  @ and 

r e s t r a i n t   c o n d i t i o n s  i s  be ing   cons idered   a long   the   t rough  l ines   ( see  INTRODUCTION). 

Thus the  displacements   in   the  plane  of   the  cross   sect ion are f u l l y   d e f i n e d  

@) a r e   e i t h e r   h i n g e d   o r  clamped,  depending  on  which  of  the two k inds   o f   ex te rna l  

by  two unknown functions  of z :  vl(z)  and v,(z)  . 

*The experiment   does  not   correspond  exact ly   to   the  present   analysis   because  of  
t h e   i n t e r f e r e n c e  which is ev iden t ly   p re sen t  between the   end   of   the   cor ruga t ion  
and the   t r ansve r se  member t o  which i t  is a t tached .  However the  photograph  does 
s e r v e   t o  show the   l a rge   magni tude   o f   the   f lexura l   deformat ions   tha t   can   occur  
when the  ends are not   cont inuously  a t tached.  

tThe  assumptions made here  about  the  deformation  of a c r o s s   s e c t i o n   i n  i t s  own 
plane are t h e  same as i n   r e f e r e n c e  2 ,  except   tha t  i t  is ev ident  from f i g u r e  10 
of   reference 2 tha t   the   jo in t   d i sp lacements   a re   be ing   a l lowed  on ly   one   degree   o f  
f reedom  there   instead  of   the two which  they  natural ly   possess .  
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Middle-sur face   ex tens iona l   s t ra ins .  - I n  consequence  of  the  assumptions  discussed 
above   regard ing   longi tudina l   d i sp lacements ,   and   u t i l i z ing   the   coord ina te   sys tem  of  
f i g u r e   4 ( a ) ,   t h e  z-vise displacements u f o r  a l l  p o i n t s  o f  the   mlddle   sur face   can  
be  expressed i n  terms of q , ul(z)  and  u2(z) . The r e s u l t s  are shotm i n   t h e  
column headed "u" of t a b l e  1. The cor responding   ex tens iona l   s t ra ins  E are obtained 

TABLE 1. - LONGITUDINAL DISPLACEMENTS AND STRAINS 

Plate   e lement  S t r a i n ,  E Displacement, u 
I 

0 1  

1 2  

23 

by d i f f e ren t i a t ing   t hese   d i sp l acemen t s   w i th   r e spec t  tu z . The results are g i v e n   i n  
t h e   l a s t  column of t a b l e  1. Because of the   an t i symmetry   o f   the   longi tudina l   s t ra ins  
wi th   respec t   to   the   midpoin t   o f   p la te   e lement  23, i t  s u f f i c e s   t o   c o n s i d e r   e x p l i c i t l y  
o n l y   t h e   t h r e e   p l a t e   e l e m e n t s   l i s t e d   i n   t h e   t a b l e .  

Middle-sur face   shear   s t ra ins .  - The s h e a r   s t r a i n s   o f   t h e   m i d d l e   s u r f a c e  of t h e  
p la te   e lements  of the   cor ruga t ion  arise from  both  the  longi tudinal   d isplacements  
and the   d i sp lacements   in   the   p lane   o f   the   c ross   sec t ion .   In   v iew  of   the   assumpt ion  
t h a t  u var ies   l inear ly   be tween  s ta t ions   and   the   assumpt ion   of   inextens iona l   c ross -  
s ec t iona l   de fo rma t ions ,   fo r  a given z t h e   s h e a r   s t r a i n  t r i l l  be   constant   across   the 
width  of   any  plate   e lement .   Consider ing  the  longi tudinal   d isplacements  of  f i g u r e  
4(b)   and  the  cross-sect ional   displacements   of   f igure  4(c) ,   one arrives a t  the   shea r  
s t r a i n s  y  shotm i n   t a b l e  2 a 

TABLE 2. - SHEAR STRAINS 

Pla te   e lement  S h e a r   s t r a i n ,  y 

0 1  

1 2  
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Rates of twist of   the   p la te   e lements .  - It is  expec ted   t ha t   t he   tw i s t ing   o f   t he  
p la te   e lements  w i l l  make only a minor   con t r ibu t ion   t o   t he   t o t a l   s t r a in   ene rgy ,   a s  
long as the   l ength   o f   the   cor ruga t ion  is seve ra l   t imes - the   p i t ch .   The re fo re ,   i n  
computing t h e   s t r a i n   e n e r g y   d u e   t o   t w i s t i n g   o f  a p la te   e lement  i t  is  considered 
s u f f i c i e n t l y   a c c u r a t e   t o   b a s e   t h i s   s t r a i n   e n e r g y   c a l c u l a t i o n  on  an o v e r a l l  rate of 
twist computed  from the  displacements   of   the   longi tudinal   edges  of   the   e lement   ra ther  
than on t h e   d e t a i l e d   v a r i a t i o n   o f   t h e  rate o f  twist across   the   wid th  of  the  e lement .  
For  example,  the rate of twist of   the   p la te   e lement   01  will be  taken  as   d(vl /e>/dz , 
in  accordance  with  the  edge  displacements shown i n   f i g u r e   4 ( c )   f o r   t h i s   p l a t e   e l e m e n t .  
The rates of twist + obtained i n  t h i s  way are shown i n   t a b l e  3. 

TABLE 3. - RATES OF TWIST 

Plate   e lement  I Rate of t w i s t .  I$ 

01 

23 

Strain  energy  components. - 
regarding  the  deformations,  i t  is 

On t h e   b a s i s  of the  assumptions  discussed  above 
now p o s s i b l e   t o  write express ions   for   the   fo l lowing  - - 

strain-energy  components:  (a)  middle-surface  extension, (b) middle-surface  shear ,  - 

( c )   tw i s t ing  of the  plate   e lements ,   and  (d)  frame bending   of   the   c ross   sec t ions .  
Expressions  are   developed  below  for   the  densi ty  (i*e., s t r a i n   e n e r g y   p e r   u n i t   l e n g t h  
of  corrugation)  of  each  of  these  components.  

(a)  Middle-surface  extension: The s t ra in-energy  densi ty  of middle-surface 
extension  can  be  obtained  from  the  expressions  for E i n   t a b l e  1 i n  conjunction 
with  the  assumption  that   the   associated  longi tudinal   normal  stress u is  r e l a t e d  
t o  E by the   un iax ia l   exp res s ion  

u = E ' E  (1) 

where E '  is Young's  modulus.*  The fol lowing  expression is thus  obtained  for   the 
ex tens iona l   s t r a in   ene rgy   pe r   un i t   l eng th  of  corrugation: 

e 
'ex t = 2 I 0 + olEltd?+ 2 11 $ 02e2tds2 + I', - 2 (3 3 3  E t d s 3  

= E ' t  1: c12dsl + EZ2ds2 + 3 ~ ~ ~ d s ~ ]  
0 

*The prime  on t h e  Young's  modulus  symbol is  merely a t r a c e r   t o   d i s t i n g u i s h   t h i s  
Young's  modulus, assoc ia ted   wi th   ex tens ion ,  from another  Young's  modulus a s soc ia t ed  
wi th   f l exure ,  which will be  introduced  shortly  and  denoted by E . 
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where   the   subscr ip ts   1 ,2 ,3   denote   the   p la te   e lements   01 ,   12 ,   23  
r e s p e c t i v e l y .   S u b s t i t u t i n g   f o r  €1, €2 and €3 the  expressions  f rom 
t a b l e  1, and car ry ing   ou t   the   in tegra t ions ,   one   ob ta ins  

where 

2  du du2 2 

= b l l ( 2 ]  + 2b12 dzdz 
1 

'ext  (3) 

bll = E'te $1 + -) 1 k 
e 

b12 = - E'tk I 
6 ( 4 )  

b22 = - E ' t  (f + 2k) 
I 
6 

(b)  Middle-surface  shear: Assuming the   shea r  stress T l i n e a r l y  
r e l a t e d   t o   t h e   s h e a r   s t r a i n  y through  the elastic law 

where G i s  t h e   s h e a r  modulus,   one  obtains   the  fol lowing  expression  for  
t h e   s t r a i n   e n e r g y  of   middle-surface  shear   per   uni t   length  of   corrugat ion:  

Ush = 2 * - ~ y t e + 2 * - ~ y t k + - ~ y t f  1 1 1 
2 11 2 2 2  2 3 3  

= Gt(yle 2 + y2k 2 + 1 2  y3f) 

S u b s t i t u t i n g   f o r  yl, y2,  y3 t h e   e x p r e s s i o n s   i n  

- u 2 + c  u  2 + c  u  2 + 2  
'sh - coo 0 11 1 22  2 

+ dllul dz dvl + d21u2 dvl + 

where 

c = G -  t 00 c = G  e 11 

t t c~~ = G ( i ;  + 2 .T> 
t cO1 = - G - c =  e 1 2  

t ab le   2 ,   one   ob ta ins  

c u u  + 2 c   u u  
0 1  0 1 1 2  1 2 

dv2 d u  22  2 dz 
dv  dv2 1 

2e22 dz  dz (7) 

(equation  continued on next  page) 
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dll - - d22 = . - 2 Gtsine 

d21 = 2 G t s i n e ( 1  - cose) 

e* = Gts in  B(k + y cos e) 2 f 2  

1 e* = 2 G t f s i n  e 2 

11 

22 

ef2 = - G t f s i n  e cos0 1 2 
2 

d 

(c)  Twisting  of  the  plate  elements:   Corresponding  to  the rates of 
twist shown i n   t a b l e  3 and  regarding  each  f la t -plate   e lement   as  a b a r  of 
narrow  rectangular   cross   sect ion*,   the   torques  carr ied  by  the  plate   e lements  
01, 1 2  and  23 are r e s p e c t i v e l y  

T1 = G'J1$l T2 = G ' J 2 4 2  T = G'J3+3  3 (9 1 

where 

J1 - - et J2 = - k t  - 1 3   1 3  1 3  
3 3 3 J3 - f t  (10) 

and G '  denotes  the  shear  modulus.  (The  prime  on G is a t r a c e r  
introduced so t h a t   t h o s e  terms a r i s i n g  from t o r s i o n   c a n   e a s i l y   b e  
d i s t ingu i shed  from  those  ar is ing  f rom  middle   surface  shear . )  The 
t o t a l   s t r a i n   e n e r g y  of twis t ing   (per   un i t   l ength   o f   cor ruga t ion)  is 
the re f   o re  

= 2 * 1 T 4 + 2 * - T +  1 + - T +  1 utw 2 11  2 2 2  2 3 3  

o r ,   s u b s t i t u t i n g   t h e   e x p r e s s i o n s   f o r  4 1, +2,  +3 from t a b l e   3 ,  

dvl  dv2 

+ 5 2  dz dz 
where 

22 

I 
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(d) Frame  bending  of  the  cross  sections:  Considering  a  unit 
length  of  corrugation  to  be a  frame  whose  joint  displacements  are  a 
superposition  of  the  two  modes  shown in figure 4(c), one  obtains for 
the  strain  energy  a  quadratic  expression  in v1 and v2 . The 
derivation  of  this  expression  is  in  appendix A, and  the  result  is 

'b - 11 1 12 1 2 22 2 
- a v 2 + 2 a   v v  + a  v 2 

where - 
a = %bll + A22(E)2ccs 2 8 + 4A33 
l1 B e 

- A12 'i; cos0 + 2A23 e 
1 

e e  2 
" sin  ecose - 2A 

n e  'i;  cos 0 - sin e) + A " 2 2 e 
13 cos8 

a = e[ 2 3 A22 (er G + 4A33(F] 2 2  cos 8 - 2A  23 e k e f cos8 
22 0 e 1 

The  quantities 0 ,  Ally A22, A33,  A12,  A239  A13  appearing  in 
equations (15) are  dimenslonless  parameters  depending  on  the  geometry 
of  the  cross  section  and  the  edge  conditions  regarding  rotation  along 
the  trough  lines.  They  are  defined  by  equations  (A8)  and  (A10)  of 
appendix A .  The  symbol a appearing  in  equations  (A8)  and  (A10)  is 
defined  as  zero  if  the  corrugation  is  free  to  rotate  along  the  trough 
lines  and  unity  if  the  corrugation  is  clamped  along  the  trough  lines. 

The  symbol D appearing  in  equations (15) stands  for  the  frame 
flexural  stiffness  of  the  corrugation  per  unit  width of frame, i.e. 
per  unit  length  of  corrugation.  There  is  bound  to  be  some  ambiguity 
involved  in  selecting  an  appropriate  value  for D , inasmuch  as  the 
frame  bending  moments  are  not  truly  uniquely  determined  by  the 
curvatures  in  the  plane  of  the  cross  section  alone  (as  was  assumed 
in  deriving  eq. (14)), but  depend  also  on  the  longitudinal  curvatures 
or  longitudinal  bending  moments  in  the  plate  elements  making  up  the 
corrugation.  Only in the  following  three  cases  can  it  be  assumed  that 
the  frame  bending  moments  and  the  frame  curvatures  are  uniquely  related: 
(a) when  the  longitudinal  bending  moments  are  zero  or  negligible, (b) 
when  Poisson's  ratio  is  zero,  and (c) when  the  longitudinal  curvatures 
of  the  generators  of  the  corrugation  are  zero  or  negligible.  In  cases 
(a)  and (b) an  appropriate  assumption  for D would  be  the  beam 
flexural  stiffness 
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where E is Young's  modulus. I n  case (c)   the  appropriate   assumption 
would b e   t h e   p l a t e   f l e x u r a l   s t i f f n e s s  

E t 3  D =  
1 2 ( 1  - v2) 

where v is P o i s s o n ' s   r a t i o .  Of these  two cand ida te s ,   t he  lat ter 
(eq.   16(b)) is judged   t o   be   appropr i a t e   fo r   t he   p re sen t   ana lys i s ,  inasmuch 
as fo r   co r ruga t ion   l eng ths   s eve ra l  times t h e   p i t c h   o n e  would expect   the  
longi tudina l   curva tures   o f   the   genera tors   to   be . smal1  compared t o   t h e  frame 
type  curvatures   of   the   cross   sect ions*.   Therefore   the rest o f   t he   ana lys i s  
w i l l  be   based   on   equat ion   (16b) ,   bu t   in   o rder   to  assess the  order  of  magnitude 
of t h e   u n c e r t a i n i t y   i n   t h e   o v e r - a l l   s h e a r i n g   s t i f f n e s s   d u e   t o   t h e   a m b i g u i t y  
i n  D a f e w  c a l c u l a t i o n s   o f   s h e a r i n g   s t i f f n e s s  w i l l  a l s o   b e  made us ing  
equation  (16a).  

T o t a l   s t r a i n   e n e r g y .  - Integrat ing  each  of   the  foregoing  s t ra in-energy 
dens i t i e s   ove r   t he   en t i r e   l eng th   o f  a corrugat ion  and summing l e a d s   t o   t h e  
fo l lowing   expres s ion   fo r   t he   t o t a l   s t r a in   ene rgy  U of a s i n g l e   c o r r u g a t i o n :  

rb 

where Uext ,  Us  , Utw, Ub are def ined  by equa t ions   (3 ) ,  (7), (12) ,  and 
(14) respectiveQy. 

*In  the  case  of   buckl ing of a plate-column  with  simply  supported  loaded 
edges  and f ree   un loaded   ends ,  i t  is shown i n   r e f .  3 t h a t   t h e   e f f e c t i v e  
f l e x u r a l   s t i f f n e s s  is already  about   f ive-s ixths   of   the  way from t h e  beam 
v a l u e   t o   t h e   p l a t e   v a l u e  when the   d i s t ance   be tween   t he   f r ee   ends  i s  only 
four  times the  dis tance  between  the  supported  edges.  (The analogous 
d i s t a n c e s   i n   t h e   p r e s e n t   c a s e  would be  the  length  of   the  corrugat ion,   2b,  
and (conservat ively)   the  developed  width  of  a co r ruga t ion . )   In   t he   ca se  
of a column with clamped  loaded  edges  the  transit ion  from  the beam va lue  
t o   t h e   p l a t e   v a l u e   o c c u r s   e v e n  more r ap id ly  as t h e   r a t i o  of t hese  two 
d i s t ances   i nc reases .  
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Total  potential eneru. - The  prescribed  shearing  forces F along  the 
sides  of  a  corrugation  acquire  a  potential  energy  of  -F 21.10  due  to  the 
total  longitudinal  displacement  2uo  of  one  side  with  respect  to  the  other. 
Adding  this  to  the  above  strain  energy U gives  the  following  total 
potential  energy  (TPE) of a  single  corrugation: 

TPE f - 2Fu0 + U (18) 

Minimization  of  the  TPE. - The  TPE  as  defined  by  equation (18) is  a 
functional of UO, ul(z),  u2(z), v l ( z ) ,  v2(z) . In accordance  with  the 
method  of  minimum  total  potential  energy  (ref. 4 )  the  "best"  values  of 
these  quantities  will  be  those  which  minimize  the  TPE.  To  find  these  best 
values,  the  technique  of  variational  calculus  may  be  used  to  form  the  first 
variation  of  the  TPE  with  respect  to  variations  in uo, ul(z), ..., v2(z) 
and  equate  it  to  zero.  This  will  lead  to  a  system  of  field  equations 
(primarily  differential  equations)  and  boundary  conditions  defining UO, 
u,(z), ... y v2(z) . 

The  details  of  this  procedure  are  given  in  appendix B. The  resulting 
field  equations,  equations (B9) and (B8) of  appendix B y  are  given  again  here 
€or  convenience: 

2 
+ b12 - d U 2  - - 'd -_ dvl 

2  2 11 dz  cllul - c12u2 - 
- 

dz coluo 1 
2 

+ b22 - - - d U 2   l d  dvl d - - dv2 

dz 2  2  21 dz  2  22  dz  c12u1 - c22u2 = 
"- 

2 d v  2 
' + e  - d V 2 + l d  - -  du2 

22 d22 2 22  dz  a12V1 - a22V2 = 

and 

2c u b + c  00 0 O1[b u d z  = F 

Different  sets  of  boundary  conditions  are  obtained  according  to  the 
nature  of  the  end  attachment. If there  are  point  attachments  at  the  ends 
of  the  trough  lines  only  (fig. 3(a)) the  boundary  conditions  at z = _+b are 
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du  du 

dz 
" " 2 - o  

dvl 
dz + 2e12 dz 

dv 
+ d u + dZ1u2 = 0 11 1 

dvl 
2e12 az + 2e22 dz dv2 + dZ2u2 = 0 

If  the  attachments  at  the  ends  of  the  trough  lines  are  wide  as  idealized 
in  figure 3c, it  is  only  necessary  to  replace  the  first of equations  (22) 
by  the  condition 

v = o  1 

Finally,  if  the  attachments  are  as  shown  in  figure 3b, namely  point 
attachments  at  the  ends of both  the  crest  lines  and  the  trough  lines,  the 
boundary  conditions  are 

d'l 
" ' dz 

" 

dz 

2(ell - e cos0)- dvl + 2(e12 - e22cosO)dvZ + d u + (d21 - d cose)u2 = 0 
12 dz dz 11 1 22 

As discussed in  appendix B, these  boundary  conditions  have  physical 
interpretations.  The  physical  interpretation  of  equation (22')  is  obvious. 
Equations  (21)  and  (23)  express  the  vanishing  of  normal  stresses  at  the 
ends  of  the  corrugation.  Equations  (22)  express  the  vanishing of certain 
effect.ive  middle-plane  shearing  forces  at  the  ends  of  the  inclined  plate 
elements (12 and 34  in fig. 4 )  and  the  horizontal  plate  element  (23) 
forming  the  crest.  Equation  (24)  expresses  the  constraint  against 
horizontal  displacement  furnished  by  an  attachment  at  the  end  of  the 
crest  line,  and  equation  (25)  the  vanishing  of  the  resultant  equivalent 
middle-plane  shear  at  the  ends  of  the  inclined  plate  elements  (12  and 3 4 ) .  

Solution of the  equations. - Fundamentally  the  solution  of  the 
problem  consists of solving  equations  (19)  for  ul(z), u 2 ( z ) ,  vl(z) , v~(z) 
in  terms o f u o ,  subject  to  the  appropriate  set  of  boundary  conditions. 
The  solution  for ul(z) is  then  substituted  in  equation (ZO) ,  which 
then  gives uo in  terms  of  F  or  F  in  terms  of uo . 
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The  equations  involved  are  linear  with  constant  coefficients, so the 
procedure  just  described  can  be  carried  out  in  a  straight-forward  manner. 
The  full  details of the  solution  are  in  appendix C y  and  only  the  main 
features  of  the  solution  (those  needed  for  computational  purposes) 
be  given  here. 

The  numerical  realization  of  the  solution  requires  first  that 
following  characteristic  equation  be  solved  for  its  eight  roots  R 
R2y  R8 : 

+ Cko4[$)41 = 0 

where k80, k82.  etc.  are  functions  of  the  elastic  constants  and  cross- 
sectional  shape  (but  not  thickness)  defined  by  equations  (Cll),  (C12) 
and  (C13). Calculations  show  that  four  of  the  roots  are  complex  and 
four  real;  from  this  and  the  fact  that  only  even  powers  of  R  appear 
in  equation  (26),  it  follows  that.  the  eight  roots  can  be  represented  in 
the  form 

R1 = U + iV  R5 = X 

R2 = U - iV R6 = -X 

R3 = -U + iV  R, = Y 

R4 = -U - iV R8 = -Y 

where U ,   U ,  X and Y are  real  numbers and i = fl . 
When  t/e  is  small,  the  values  of  the  eight  roots  can be computed 

from  the  following  power  series  expansions: 
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where  the  coefficients coy c1, ..., 40. 92, Y pi, p3, ... are defined 
by  equations  (C21),  (C19)  and  (C20).  Equations  (C21)  glve  four sets  of 
complex  values  for coy  c1, ..., and  therefore  equation  (28)  generates  the 
four  complex  roots R1, R2, R3, R4 . Equation  (C19)  gives  two  sets  of  real 
values  of 90, 92, ...; the two real  roots  thus  resulting  from  equation  (29) 
will  be  identified  with  R5  and R6 . Similarly  equations  (C20)  yield  two 
sets  of  real  values  for  p1, p3, ...; thus  equation (30) yields  two  real 
roots,  which  will  be  identified  with R7 and  Rg . 

With U, V, X and Y known, the  displacements  can  be  computed  in 
terms of uo from  the  following  equations: 

u1 (2) 
- = c1 + (:)cos. - uz e  cos  e VZ e 
uO 

+[)cos. E + ()cos. - YZ e 

u2 (2) *4 B 
- =  c2 + [$)PB + [ k]Q]cosh e UZ cos - VZ 

uO e 

+ [($I.. - [$k] sinh  sin - VZ e 

+ [ :ISB cosh +[ :ITB cosh - YZ e 

+ [(9' +[)Qgsinh COS - V Z  e 

+ ( 3 s  *5 c sinh $ + [ 2 ) T c  sinh - YZ e (33)  
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- - 
v2 (2) - U = -[ k)Q A1 D ]cos. e UZ s i n  - vz 
0 

e 

+ + k)QD]sinh 5 cos - vz e 

+(LIS A5 D s i n h  + [ 2)l'l) s i n h  - YZ e (34) 

where Cl and C2 are defined  by  equations (C2); P 

and T B y C y D  are obtained  by  solving equat&ons-(C27) f o r  j = 1, 5  and 7 

and not ing   equat ions  (C29);  and -, , , are obtained  by  solving 

B y C y D ,  QByC,D Y S B , C ~ D  Y 

"13Ag5 
"0 0 uo uo 

equat ions (C33) i f   t h e r e  are point   a t tachments  a t  the  ends  of   the  t rough 
l ines  only,  (C38) i f   t h e r e  are point   a t tachments  a t  the  ends  of   the  t rough 
l i n e s  and t h e  crest l i n e s ,   o r  (C38') i f   t h e r e  are wide  attachments a t  the  ends 
of the   t rough   l i nes   on ly .  

Relat ionship  between F  and u - The  above r e s u l t s   g i v e   t h e   d i s p l a c e -  0' 
ments i n  terms of uo , which is  one   ha l f   o f   t he   r e l a t ive   shea r ing   d i sp l ace -  
ment of t h e  two s i d e s  of the   co r ruga t ion .   In   o rde r   t o   de t e rmine   t he  
d isp lacements   resu l t ing   f rom  prescr ibed   shear ing   forces  F r a t h e r   t h a n  
prescr ibed   shear ing   d i sp lacement ,  i t  i s  necessary t o  know t h e   r e l a t i o n s h i p  
between F  and uo . T h i s   r e l a t i o n s h i p  is  given  by  the  following  equation: 

F G t b  - ---$ e 
" 

2u0 
(35) 

with ŝ c and cs defined  by  equations (C35). n 

Equat ion   (35)   g ives   the   overa l l   shear ing   s t i f fness   o f   the   cor rug ,a t ion .  
It is  of i n t e r e s t   t o  compare t h i s   s h e a r i n g   s t i f f n e s s   w i t h   c e r t a i n   o t h e r  
shear ing   s t i f fnesses .   For   example ,   i f   there  were continuous  attachment a t  
the  corrugation  ends  capable  of  producing  uniform  middle  surface  shear 
s t r a i n   t h r o u g h o u t   t h e   c o r r u g a t i o n ,   t h a t   s h e a r   s t r a i n  would be  

y' = 2u0 
2c + 2k + f 
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where  2e + 2k + f is the  developed  width  of  the  corrugation. The 
cor responding   shear   force  would be  

and the   co r re spond ing   ove ra l l   shea r   s t i f fnes s  would be  

F' 2Gtby' - Gtb 
" "- 
2u0 0 e + k + F f  2u 1 (39 1 

The r a t i o  n of t h e   s h e a r   s t i f f n e s s  F/2u0  of t h e   a c t u a l   c o r r u g a t i o n  
(eq. (35)) t o   t he   shea r   s t i f fnes s   F ' / 2u0   o f   t he   hypo the t i ca l   con t inuous ly  
at tached  corrugat ion  (eq.  (39)) is  thus  given by 

n = (1 +-+-- )+ k I f  
e 2 e  

A second  kind  of relative shea r ing   s t i f fnes s   can   be   ob ta ined  by 
comparing t h e   s t i f f n e s s  of   the   ac tua l   cor ruga t ion   (eq .   (35) )   wi th   tha t  
of a un i fo rmly   shea red   f l a t   p l a t e   hav ing   t he  same th ickness  t , t h e  same 
width p , and t h e  same length  2b . Such a f l a t   p l a t e   w i t h  a r e l a t i v e  
shear ing  displacement   of  2u0 between its edges would r e q u i r e  a shear ing  
force  of  

whence its o v e r a l l   s h e a r i n g   s t i f f n e s s  would be  

Thus ,   t he   r a t io  
t h e   h y p o t h e t i c a l  

F " 2Gtb 
2u P 
- = -  

0 

Q' o f   t h e   s t i f f n e s s   o f   t h e   a c t u a l   c o r r u g a t i o n   t o   t h a t   o f  
f l a t   p l a t e  is 

F ina l ly ,   t he   shea r ing   s t i f fnes s   o f   t he   co r ruga ted   p l a t e   can   a l so   be  
d e s c r i b e d   i n  terms of   an   e f f ec t ive   shea r  modulus i n   t h e   f o l l o w i n g  way: 
The average  shear  stress T~~ a long  an  edge  of   the  corrugat ion is 

T = -  F 
av 2b t 
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and t h e   o v e r a l l   s h e a r   s t r a i n  of the   cor ruga t ion  w i l l  be   t aken  as 

2u0 
Yav P 

= -  ( 4 5 )  

Def in ing   an   e f f ec t ive   shea r  modulus Geff as Tav/Yav i t  fOl1017S t h a t  

Gef  f 
= FL = LF 

2bt  2u0 2bt 2u0 

Stresses. - The d i s p l a c e m e n t s   u l ( z )   u ~ ( z ) ,   v l ( z )  v2(z) are t h e  
key to   the   computa t ion   of   the  stresses In   t he   co r ruga t ion .  The equat ions 
f o r  computing t h e  stresses w i l l  now be  given. In order   to   avoid   l engthy  
express ions ,   the   fo l lowing   shor t -hand   no ta t ion  w i l l  be  employed: 

- - - - A1 ub A1 = - s i n h  - 
uO e 
- - - A4 

uO 
A4 I - s i n h  - ub 

e 

- *5 xb 
uO 

A5 E - s i n h  - e 

- - A7 A7 = - s inh  - Yb 
e uO 

f (z) I s i n h  @ cos - vz  
sc e e 

f (z) I cosh - s i n  - uz vz  
cs e e 

(47)  

f  (z) I cosh @ cos - vz 
cc e e 
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fsx(z) sinh - x2 
e 

fsy(z)  : sinh - Y z  
e 

f (2) S cosh e x2 

f ( z )  E cosh - Y z  
CY e 

cx 

S 
ub 

E sinh - e 

xb 
E sinh - e 

Yb E sinh - e 

U 

S X 

S Y 

GI' ( z )  f ( i4Pc  - AIQ - c ) ufss + Vfcc + &PC + A4Q - c ) Ufcc - Vfss 

U U 

+ A5S X 7 f c x + A 7 T  - c Y - f c Y  
X S Y 

+ A5S - D f c X  X - + A 7 P Y  - 7 CY 
S X Y 

(49) 

The  longitudinal  normal  stress along junction @ (see  fig. 4 (a)) "0 is  then  given by 

whence 
"O = 

dul 
(53) 

"Qe = il ufsc - Vfcs - Ufcs + VfSC - 
XfsX - Y f s Y  

E'uo S + A4 su + Y y  + A7 sy (53a) U 
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Similarly  the  longitudinal  normal  stress  along  junction @ is  given 
in  non-dimensional form by "0 

"0' = (AlpB + A4Q - B ) Ufsc - vfcs + (i4pB - AIQ 1 E'uo 4J 
- B  ufcs + Vfsc 

U 
B 

S X.fsX .. TBY  fsy 
+ sx + A7 sy 

The  middle-surface  shear  stresses  in  the  plate  elements  making  up  the 
corrugation  can be obtained  with  the  aid  of  table  2.  These  stresses  are 
denoted  by  TO^, ~ 1 2 ,  and '23 for  the  plate  elements 01, 12, and  23 
respectively,  and  the  following  non-dimensional  measures  are  obtained  for 
them: 

Tole - =  - C 1 - l + A   - + A  - - fss + ; fcX + ; fcY 
"0 su su 5 q  7 s y  

- B  €CC 
" - 3 c2 - c1 + [A1(P - 1) + i4QB1 7 
uo U 

+ [ i 4 ( P B  - 1) - ilQB] s 5 s  
U 

+ A5(S - 1) - + A 7 ( T  - 1) -1 + Vl' s i n e  " B  fcX - B fcY " 

sX S Y 

T23e - =  P + A4Q ) y + (A4P - AIQ ) 7 
B B B B fss 

uo f 2  U U 

27 



The  rates  of  twist  of  the  plate  elements  are  given in table  3. The 
extreme-fiber  shearing  stresses  due  to  these  rates  of  twist  will  be 
denoted  by ~ 6 1 ,  ri2, ~ 5 3  for  plate  elements 01, 12 and 23 respectively. 
They  can  be  obtained  by  multiplying  the  corresponding  rate  of  twist in 
table 3 by  G't  (ref. 5). The  resulting  expressions  are 

The  bending  moments  and  stresses  associated  with  frame-like  deformations 
of  the  cross  sections  are  now  considered.  At a  given  cross  section  these 
bending  moments  vary  linearly  between  junction  points, in  consequence of the 
assumptions  made  at  the  outset,  and  therefore  only  the  bending  moments  at  the 
junctions  need  be  evaluated.  Referring  to  figure 8, the  bending  moments  of 
interest  are  seen  to  be Mol, M12 and M23 at  junctions 0, 1 and 2 respectively. 
These  bending  moments  are  given  by  equations  (Al),  with el and  82  defined 
by  equations  (A7)  and A I ,  A2,  A3  defined  in  table  Al.  Multiplying  the 
bending  moments  by  6/t2 , one  obtains  the  corresponding  extreme-fiber  bending 
stresses,  which  will  be  denoted  by 

positive  for  compression  in  the  upper  fibers.  The  resulting  equations  for 
these  stresses,  in  dimensionless  form,  are 

@ 6 @ and cr' respectively  and  will  be 

821  822 

'31 g32 

where vl!uo and  v2/u0  are  given  by  equations  (33)  and  (34),  and  the 
gij  matrlx  elements  are  defined  as  follows: 

28 



ct 
gll = z ( a l  - a2 i; cos9 - 2a3 i s i n  9) + 3ct e e 2  

0 
g12 = z(-a2 i ;+  2a3 T cos9) 

e e 

= l e  $2al + bl - (2a2 + b2)i; e cos9 - (4a3 + 2b 1" s i n  2 e] 
821 3 f  

g31 = i ( b l  - b2 T; cos9 - 2b3 s i n  9) - 6(:)2 s i n  9 
3 e  e e 2  2 

g32 = "(-b - + 2b3 cose)  + 6 ( ~ )  cos9 e e e 2  
B f  2 k  

wi th  

a E -6(1 + a ) ( 2  T; + 3 T )  e e 
1 

a3 E 1 2  - - e e  
k f  

bl E 6 ( 1  + ct)~ 
e 

b 2  
: -6 e ( 2  e + 3 + a )  k k  

b3  
E -6 e(4 E + 3 + a )  f 

Spec ia l   cases .  - The above r e s u l t s   a p p l y   t o   t h e   g e n e r a l   c a s e   i n  which 
none  of the  dimensions e ,  f and k is  ze ro   ( f ig .   l oa ) .  Two s p e c i a l   c a s e s  
are of interest   because  they  represent   l imit ing  geometr ies   obtainable   or  
nea r ly   ob ta inab le   i n   p rac t i ce .   These   a r e   t he   ca ses  f = 0 and e = 0 
shown i n   f i g u r e s  10b  and 1Oc. 

The ana lyses   fo r   t hese  two cases  are contained  in   appendixes  D and E 
r e spec t ive ly ,  and  only  the main r e su l t s   o f   t hese   ana lyses  w i l l  b e   c i t e d  
here .   In   appendixes  D and E only  the end condi t ions   o f   f igure   3 (a)   a re  
considered. With e o r  f approaching  zero,   the   end  condi t ions  of   f igure  3(b)  
are equivalent   to   cont inuous  a t tachment   s ince  the  deformation  of   the end 
c r o s s   s e c t i o n   i n  i t s  own p lane  is then  completely  suppressed. Simi1as:Iy 
with f approaching  zero,   the end cond i t ions   o f   f i gu re   3 (d )   a r e   a l so  
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equivalent  to  continuous  attachment.  With  e  approaching  zero,  the  end 
conditions  of  figure 3(d) are  equivalent  to  those  of  figure 3(a). 

The  case f = 0 leads  to  a  fourth  degree  (rather  than  an  eighth 
degree)  characteristic  equation, (DZl), whose  four  roots (all real)  have 
the  form (D25). The  numerical  evaluation  of  these  roots  can  be  done 
exactly  by  means  of  the  quadratic  formula  or  approximately  by  means  of 
the  series  expansions (D26). With  the  roots  known,  equations  (D31)  give 
the  values  of  certain  constants  and y3 . Equations  (D33) , with K1 
A3 defined  by  (D34),  then  give  the  displacements ul(z)  and  v2(z) . 
Equation  (D37)  is  the  basic  form  of  the  result  for  shear  stiffness,  and 
equations  (D40)  through  (D44)  give  the  stresses. 

- 

For  the  case  e = 0 the  characteristic  equation, (E16),  is  also 
of  fourth  degree  with  real  roots in  the  form (E20)  having  series  expansions 
(E21). A  knowledge  of  the  roots  permits  certain  quantities 91 and 93 
to  be  evaluated  (eq. (E24)). Then  the  displacements u2(z)  and  v2(z)  can 
be  obtained  from  equation  (E25)  with  AI*  and  A3*  defined  by  (E26). 
Equation  (E28)  gives  the  basic  shearing  stiffness  result,  and  equations 
(E33)  through  (E38)  give  the  stresses. 

NUMERICAL  RESULTS AND DISCUSSION 

The  foregoing  analysis  was  used  to  obtain  numerical  results  on  shear 
stiffness,  stresses  and  deformations  for  selected  geometries  and  end- 
attachment  conditions.  Poisson's  ratio v was  taken  as  0.3, G was 
taken  as E/[2(1 + v) ]  , and  no  distinction  was  made  between  E  and E' 
or G and G' , except  for  a  special  numerical  investigation  of  the  effect 
of  torsional  stiffness,  in  which ,G' was  set  equal  to  zero. 

For  the  numerical  studies,  only  the  case  of  trough  lines  free  to 
rotate (a = 0 )  was  considered,  and  the  cross  sections  were  limited  to  the 
case  f = 2e , that  is  equal  width  for  the  trough  and  crest  plate  elements. 
In  varying  the  cross  sections  h/p  and  f/p  were  taken  as  independent 
parameters  and  assigned  the  following  values: 

h/p = .2, - 4  

f/P - - .2, .4, .5 

Table 4 shows  for  each  combination  of  h/p  and  f/p  the  resulting  values 
of 8 ,  k/p,  k/f, and  p'/p  (ratio  of  developed  width  to  projected  width), 
and a  diagram  of  the  cross  section. 

Shear  stiffness. - Figures 11 through 13 give  the  basic  numerical 
results  for  shear  stiffness.  The  results  are  given  in  terms  of  the 
relative  shear  stiffness  parameter R , defined  as  the  ratio  of  the 
absolute  shear  stiffness  F/2u0  of  the  actual  corrugation  to  that of 
an  identical  corrugation  with  continuous  end  attachment  producing  a  state 
of  uniform  shear  (eq. (39)). To convert  the  relative  shear  stiffness R 
into  absolute  shear  stiffness  F/2u0 , it  is  only  necessary  to  multiply 
R by  Gtb/(e + k + 112 f) , in  accordance  with  equation (39).  That is, 
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I n   t h e s e   f i g u r e s  R is given as a func t ion  of b t / p 2   f o r   s e l e c t e d  
values  of  h/p  and  f /p (= 2e/p)  and two va lues   o f   t /p  . Figure 11 is 
fo r   t he   ca se   o f   po in t   a t t achmen t  a t  the  ends  of   the  t rough  l ines   only 
( f i g .   3 ( a ) ) ,   f i g u r e   1 2   f o r   t h e  case of  point  at tachment a t  the  ends  of 
bo th   t he  crest l i n e s  and t h e   t r o u g h   l i n e s   ( f i g .  3 (b))  , and f i g u r e   1 3   f o r  
t he   ca se  of  wide  attachments a t  the   ends   o f   the   t rough  l ines   on ly   ( f ig .  
3 (d ) ) .  

Figures  14,   15  and 16  p r e s e n t   t h e  same d a t a  as f i g u r e s  11, 1 2  and 
13 ,   bu t   re -p lo t ted  on   l og - log   s ca l e s   i n   o rde r   t o  show more c l e a r l y   t h e  
relat ionship  between R and b t / p 2   i n   t h e   r e g i o n  of very low R and 
very  high i2 . Each curve  has a k i n k   a t  R = .5 . To t h e   l e f t  of t h i s  
k ink   the   curve   g ives  Q as a func t ion  of b t / p 2  ; t o   t h e   r i g h t  of t h e  
kink i t  g ives  1 - R as a func t ion  of b t / p 2  . 

By comparing the   do t t ed  and so l id   cu rves   i n   each   f i gu re ,  i t  is 
s e e n   t h a t  R is mainly a func t ion  of b t / p 2  , i .e .  r e l a t i v e l y   i n s e n s i t i v e  
t o   t / p  , with   the  maximum s e n s i t i v i t y   o c c u r r i n g   f o r   t h e   c a s e  of  wide 
attachments a t  the  ends  of   the  t rough  l ines .  The f a c t   t h a t  R is  mainly 
a func t ion  of b t /p2  means tha t   the   l ength   (2b)   and   the   th ickness   ( t )  
h a v e   a p p r o x i m a t e l y   e q u i v a l e n t   e f f e c t s   i n   a l t e r i n g   t h e   s h e a r   s t i f f n e s s .  
More p r e c i s e l y ,  it can   be   s a id   t ha t  a given  percentage  change  in t o r  
t h e  same percentage  change  in  b w i l l  produce  approximately  equal 
r e l a t ive   changes   i n   t he   shea r   s t i f fnes s .   Obse rv ing   t ha t   t he   p roduc t   b t  
a l s o   a p p e a r s   e x p l i c i t l y   i n   t h e   r i g h t   s i d e  of  equation  (591, i t  can   a l so  
be   s a id   t ha t   t he   pe rcen tage   change   i n   t he   abso lu t e   shea r   s t i f fnes s   (F /2u0)  
w i l l  be   g rea t e r   t han   t he   pe rcen tage  change i n   t h e   r e l a t i v e   s h e a r   s t i f f n e s s  
( Q )  0 

Comparison  of f i g u r e s  11 and 1 2  (or  14  and 15) shows tha t ,   excep t  
i n   t h e   r e g i o n  of  very low R , t h e r e  i s  n e g l i g i b l e   i n c r e a s e  of s t i f f n e s s  
by having  point  at tachments a t  t h e   e n d s   o f   t h e   c r e s t   l i n e s   i n   a d d i t i o n   t o  
point   a t tachments  a t  the  ends  of   the  t rough  l ines .  However, comparison 
of f i g u r e s  11 and 13   (o r   14  and 1 6 )  shows tha t   an   apprec i ab le   i nc rease  of 
s h e a r   s t i f f n e s s  i s  obtained by changing  from  point  at tachments  to  wide 
attachments a t  the  ends of the   t rough  l ines .   This   increase  is a l so   an  
upper l i m i t  t o   t he   i nc rease   t ha t   can   be   expec ted  as a r e s u l t  of 
i n t e r f e r e n c e ,   l i k e   t h a t  shown i n   f i g u r e  5 , between  the  troughs and t h e  
end member t o  which  they are a t tached .  

As is  to   be   expec ted ,   f i gu res  11 t o   1 3   ( o r   1 4   t o  16)  show t h a t  an 
inc rease  of h o r  f w i l l  l e a d   t o  a r educ t ion  of t h e   r e l a t i v e   s h e a r  
s t i f f n e s s  R . Since   increas ing  h o r  f a l so   increases   the   deve loped  
width  p '  , equat ion  (59) shows t h a t   t h e   a b s o l u t e   s h e a r   s t i f f n e s s   F / 2 u 0  
w i l l  experience  an  even  greater  reduction,  percentage-wise,   than  the 
r e l a t i v e   s h e a r   s t i f f n e s s  R . 
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Displacements  and  stresses. - Detailed  displacement  and  stress 
patterns  along  the  length  of  the  corrugation were computed  only  for 
one  type  of  end  attachment,  namely  point  attachments  at  the  ends  of 
the  trough  lines  (fig. 3(a)). Table  5  shows  the  geometries  considered, 
as  defined  by  h/p,  f/p,  bt/p2  and  t/p . As a  matter  of  interest,  the 
length-pitch  ratio  2b/p  and  the  relative  shear  stiffness n of each 
geometry  are  also  given.  The  last  column  of  table  5  tells  the  figure 
in which  the  results  are  plotted. 

TABLE 5. - GEOMETRIES  CONSIDEREXI FOR DISPLACEMENT AND STRESS  CALCULATIONS 

f IP bt/p2 t/P  2b  /p n Figure 

.2 

.4 

,2 .02  .005 

.02 
.2 .005 

.02 

.02  .005 

.02 

.2  .005 

.02 

.4 

8 .2155 
2  .2201 

80 .8928 

20 .8933 

8 .0194 
2  .0211 

80 .5954 

20 .5960 

The  displacements  selected  for  plotting,  and  shown  as  functions  of 
z/b  in  the  lover  parts of the  figures,  are  the  longitudinal  displacements 
u1 and  up  along  junctions @ and @ (see  fig. 4(b)) and  the  amplitudes 
VI and v2 of  the  lateral  displacement  modes  of  the  cross  section  (see 
fig. 4(c)). These  displacements  are  given  through  the  dimensionless 
parameters  ul/uo, U~/UO, v1/uo  and  v2/uo . 

It  is  seen  from  these  figures  that  for  the  smaller  length-to-pitch 
ratios (8 and 2), the  longitudinal  displacements u1 and u2 are 
approximately  constant  along  the  length  and  the  lateral  displacements 
VI and  v2  are  very  nearly  linear  in z . However  it  is  seen  that  this 
behavior  does  not  hold  true  for  the  larger  length-to-pitch  ratios (80 and 
20). For  those, u1 and  u2  may be approximately  constant  in  the  central 
region  but  vary  sharply  near  the  ends,  as  in  figures 17(c)  and (d), or 
they  may  vary  markedly  over  the  entire  length  as  in  figures  17(g)  and  (h) 
These  same  figures  show  that VI and v2 may  be  noticeably  non-linear in 
z , sometimes  being  very  small  in  a  central  region  and  very  large  near 
the  ends  as  in  figures 17(c)  and  (d). 

It  has  been  the  custom  in  previous  analyses  of  the  shearing  of 
corrugated  plates  with  discrete  end  attachments  to  assume  inextensional 
deformation  for  the  middle  surface  of  the  sheet.  This  leads  to  the 
straight-line  generators  of  the  corrugation  remaining  straight  lines,  and 
as  a  result  the  longitudinal  displacements  become  independent  of z while 
the  lateral  displacements  vary  linearly  with z . The  present  results 
suggest  that  this  assumption  can  sometimes  seriously  misrepresent  the 
actual  displacement  patterns. 
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Comparing  any  set  of  curves  for  t/p = .005 with  the  corresponding 
set  of  curves  for  t/p = .02 , one  is  led  to  the  following  simple 
conclusion  regarding  the  dependence  of  vl/uo  and V~/UO on t/p : 
All  other  things  (h/p, f/p, bt/p2)  remaining  constant , vl/uo  and  v2/uo 
vary  inversely  as  t/p . It  should  be  kept  in  mind,  of  course,  that 
bt/p2  remaining  constant  implies  that  b/p  must  vary  inversely  with 
t/p  as  t/p  changes. 

The  stresses  which  are  plotted  in  the  upper  parts  of  the  figures 
are:  the  mid-plane  shearing  stresses  TO^, ~ 1 2  and ~ 2 3  in  the  plate 
elements 01, 12 and 23  respectively;  the  extreme-fiber  transverse 
bending  stresses u 

and 
at  junctions @ and @ respectively; 

the  extreme-fiber s earing  stresses ~ d l ,   ~ i 2  and ~ 5 3  , due  to  torsion 
only,  in  the  plate  elements 01, 12 and  23  respectively;  and  the 
longitudinal  normal  stresses u @ and 00 at  junctions @ and @ 
respectively. 

The  stresses u and u are  positive  for  tension.  The  sign 
conventions  for ~ 0 1 , ~ ~ 6 1  an&Q are  shown  in  figure 18, and  the  sign 
conventions  for  the  corresponding  stresses  in  the  other  plate  elements 
are  analogous  to  those  shown in  figure 18. 

The  stresses  in  figure i7 are  given  through  the  dimensionless  parameters 
TO1p/EuO , etc.  These  are  best  suited  to  the  situation  in  which  one 
wishes  to  determine  the  stresses  resulting  from  a  prescribed  relative 
shearing  displacement  2u0 . If  one  wishes  instead  to  determine  the 
stresses  resulting  from  a  prescribed  shearing  force  F  it  would  be  more 
convenient  to  have  the  stresses  given  via  the  dimensionless  parameters 

which  represent  the  ratio  of  the  stress  in  question  to  the  average  applied 
shearing  stress.  Equation (59) can  be  used  to  effect  the  conversion  from 
one  dimensionless  stress  parameter  to  the  other,  as  in  the  following 
typical  example: 

This  shows  that  to  convert  any  numerical  value  of  T01p/Euo  into  a 
corresponding  numerical  value of -ro1/(F/2bt)  it  is  only  necessary  to 
multiply  the  former  by  the  factor 

The  conversion  equation (60) applies  with  TO^ replaced  by  any  of  the 
other  stresses. 
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Turning now t o   t h e  stresses themselves  and  examining  their  magnitudes, 
i t  is s e e n   t h a t   i n  a l l  t h e  cases invest igated  the  predominant  stress is 
t h e  end va lue  of t he   ex t r eme- f ibe r   s t r e s s  u ’ due t o  frame  bending  of 
t h e   c r o s s   s e c t i o n s .  The n e x t   l a r g e s t  stress 8 s are the  middle  ( z  = 0) 
values   of   the   middle-surface  shear  stresses ‘101, ‘112 and ‘23 , except 
i n   t h e  case of t h e   v e r y   s h o r t   c o r r u g a t i o n s   ( f i g s .   1 7 ( b ) ,   ( e ) ,   ( f ) ) ,  when 
t h e   t o r s i o n a l   s h e a r  stresses a t  z = b may be  higher   than  the  middle-  
s u r f a c e   s h e a r  stresses a t  z = 0 . In   t hese   excep t iona l  cases, however, 
both  shear  stress maximums are much smaller t h a n   t h e  maximum magnitude  of a d  . The maximum va lue  of u @ is gene ra l ly  much smaller than  the maximum 

“0 * 
I n  a l l  cases the   longi tudina l   normal  stresses u @and u @  are seen  

to   be   o f   negl ig ib le   magni tude  cympared t o   t h e  maximum value  of   the 
t ransverse  bending stress u($) . This   suggests   that   the   assumption  of  
i n e x t e n s i b i l i t y  of t h e   g e n e r a   o r s   ( r a t h e r   t h a n   i n e x t e n s i o n a l i t y  of t h e  
e n t i r e   m i d d l e   s u r f a c e )  may be a leg i t imate   s impl i fy ing   assumpt ion   for  
purposes   of   analysis .  

Examining t h e   v a r i a t i o n  of t h e  stresses ac ross   t he   co r ruga t ion ,  i t  
is  seen  that   the   middle-surface  shear  stresses ‘01, ~ 1 2  and ~ 2 3  are 
o n l y   s l i g h t l y   d i f f e r e n t  from  each  other  (except  near  the  ends),   while 
t he   o the r   k inds  of stresses do show s i g n i f i c a n t   v a r i a t i o n   a c r o s s   t h e  
cor ruga t ion .  

The v a r i a t i o n  of t h e   s i g n i f i c a n t  stresses along  the  length  of   the 
cor ruga t ion  seems to c o r r e l a t e   w i t h   t h e   n a t u r e  of vl(z) and v2(z)  . 
When these  la teral  displacement  components are n e a r l y   l i n e a r   i n  z (as  
i n   f i g s .   1 7 ( a ) ,   ( b ) ,   ( e ) ,   ( f ) ) ,   t h e   f r a m e   b e n d i n g  stresses (Ja and o g j  
are a l s o   n e a r l y   l i n e a r   i n  z , and the  middle-surface  shear ing stresses 
‘101, ‘12, ‘123 are approximate ly   parabol ic   in  z . When v l ( z )  and v2(z)  
are small i n   t h e   c e n t r a l   r e g i o n  and l a r g e   n e a r   t h e   e n d s   ( a s   i n   f i g s .  
17(c)  and (d)) ,   the   f rame  bending stresses e x h i b i t  a similar behavior,  
and the  middle-surface  shear ing stresses are   near ly   cons tan t   a long   the  
cent ra l   reg ion ,   d ipping   towards   zero   near   the   ends .  

Comparing  any set of cu rves   fo r   t / p  = .005 with  the  corresponding 
set of  curves  for t / p  = .02 , one   can   inves t iga te   the   e f fec t   o f   t /p  
on the  major  stresses, i . e .  on the  mid-plane  shear stress ~ 2 3  , t h e  
to r s iona l   shea r  stress ‘61 and the   f rame  bending   s t ress  
following  behavior is  apparent:  +ll other   th ings   (h /p  , f /p ,  
remaining  constant ,  ‘23 and u @  r ema in   v i r tua l ly  unchanged as t / p  
va r i e s ,   wh i l e  ~ 6 1  v a r i e s   d i r e c t l y   w i t h   t / p  . (As noted  previously,  
however,  b/p  must  vary  inversely as t / p   i f   b t / p 2  is  to remain  constant.)  

%;2) 
The 

Ef fec t  of t o r s i o n a l   s t i f f n e s s .  - I n   t h e   a n a l y s i s  i t  w a s  assumed t h a t  
the   s t ra in   energy   of   to rs ion   of   the   p la te   e lements  would account   for   only 
a small p o r t i o n   o f   t h e   t o t a l ,  and tha t   t he re fo re   t h i s   s t r a in   ene rgy   cou ld  
be  computed approximately by assuming a cons tan t  rate of t w i s t  a c ros s   t he  
width  of   each  plate   e lement ,   th is   constant  rate of t w i s t  being  based  on 
the   l a t e ra l   d i sp l acemen t s  of the  edges of the   p la te   e lement .  
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The smallness   of   the  computed values   of   the   extreme-f iber   shear  
stress due t o   t o r s i o n  compared to   the  extreme-f iber   normal  stress due 
t o  frame bending  tends  to   confirm  this   assumption,   or  a t  least is 
cons i s t en t   w i th  it. Only i n   t h e  case o f   t he   ve ry   sho r t e s t   co r ruga t ions  
(2b/p = 2 )   d o e s   t h e   l a r g e s t   t o r s i o n a l  stress ~ 6 1  , start t o   l o o k  
s i g n i f i c a n t  compared t o   t h e   l a r g e r  frame bending stress u 0' * 

The un impor t ance   o f   t he   t o r s iona l   s t i f fnes s  is  demonst ra ted   fur ther  
by f igure   19   which ,   for   four   se lec ted   c ross -sec t iona l   geometr ies ,  compares 
t h e  R versus   b t /p2   re la t ionship   ob ta ined   by   neglec t ing   to rs iona l  
s t r a i n   e n e r g y  (G'  = 0)  w i t h   t h a t   o b t a i n e d  by  consider ing i t  (G' = G ) .  
I n   f i g u r e   1 9 ( a )   t h e   c u r v e s   f o r  G '  = 0 and G '  = G are i n d i s t i n g u i s h a b l e  
from  each  other; i n   f i g u r e   1 9 ( b )   t h e y  are o n l y   s l i g h t l y   d i s t i n g u i s h a b l e  
from  each  other a t  the i r   lower   ends .  

In   f i gu res   17 (d )  and  17(e)   the  dot ted  curves  show t h e   e f f e c t  on t h e  
stresses and   d i sp lacements   resu l t ing   f rom  comple te   neglec t   o f   the   to rs iona l  
s t r a i n   e n e r g y   i n   t h e   d e r i v a t i o n  of t h e   d i f f e r e n t i a l   e q u a t i o n s .  It is seen  
t h a t   t h e r e  is n o   n o t i c e a b l e   e f f e c t  on the  major  stresses and  displacements 
and only a small e f f e c t   o n   t h e   o t h e r s .  

E f fec t   o f   f r ame   f l exura l   s t i f fnes s .  - I n   t h e   a n a l y s i s  i t  was pointed 
o u t   t h a t   t h e r e  is bound t o   b e  some ambiguity i n   d e f i n i n g   a n   a p p r o p r i a t e  
v a l u e   f o r   t h e   f r a m e   f l e x u r a l   s t i f f n e s s  D , and two poss ib l e   va lues  were 
mentioned:  the beam f l e x u r a l   s t i f f n e s s  Et3112  and t h e   p l a t e   f l e x u r a l  
s t i f f n e s s   E t 3 / [ 1 2 ( 1  - w 2 ) ]  (eqs.  (16a)  and  (16b)). 

The c a l c u l a t e d   r e s u l t s   t h u s   f a r   p r e s e n t e d  are based  on  the l a t te r  
va lue  of D . I n   o r d e r   t o   d e t e r m i n e   t h e   p o s s i b l e   e f f e c t   t h a t   t h e  
u n c e r t a i n t y   i n  D might   have   on   the   overa l l   shear ing   s t i f fness ,  some 
computations  of R were a l s o  made using  the  former  value.  The r e s u l t s  
a r e   a l s o  shown in   f i gu re   19 ,   where   t he   cu rves  now t o   b e  compared are t h e  
s o l i d  and the  dot-dash  curves.  It is seen   t ha t   t he   change   i n  R due t o  
using  one  value  of D ins tead   of   the   o ther  i s  n e g l i g i b l e .  The e f f e c t  
on the  frame  bending stresses can of course  be  expected  to   be more 
s i g n i f i c a n t ,  amounting to   perhaps   t en   percent  when v = - 3  For  reasons 
d i s c u s s e d   i n   t h e   a n a l y s i s   s e c t i o n ,  i t  i s  f e l t   t h a t   t h e   v a l u e  of D used 
i n   t h e   a n a l y s i s   ( e q .  (16b)) is t h e  most appropriate   one.  

COMPARISON WITH EXPERIMENT 

Bryan  and Jackson i n   r e f e r e n c e  2 g ive   exper imenta l   da ta  on shear ing  
fo rce   ve r sus   shea r ing   de fo rma t ion   fo r  a s ingle   corrugat ion.   The.geometry 
of t h e  test specimen  and  the  experimental   resul ts  are shown i n   f i g u r e  20. 
The Young's  modulus  and P o i s s o n ' s   r a t i o  of t h e  material are given as 
lo7 psi and  0 .25   respec t ive ly   in   re fe rence   2 .  

The s o l i d   l i n e s   i n   f i g u r e  20  show t h e   r e s u l t s  computed f o r   t h i s  
geometry  from the   p resent   theory ,   us ing   four   d i f fe ren t   assumpt ions  
regard ing   the   res t ra in t   condi t ions   a long   the   s ides   and   ends .   Cons ider ing  
the   th inness   o f   the   shee t ,   the   smal lness  of e , and the   p robab le   s i ze  
of t he   bo l t   heads   u sed   i n   t he   a t t achmen t s ,  i t  is f e l t   t h a t   t h e  uppermost 
t h e o r e t i c a l   s o l i d   l i n e  is  t h e  most appropr ia te   one   to   use   for   compar ison  
wi th   t he   expe r imen ta l   r e su l t s .  From f i g u r e  20 i t  a p p e a r s   t h a t   t h i s   l i n e  
a g r e e s   f a i r l y  w e l l  w i t h   t h e   i n i t i a l   s l o p e  of the  experimental   curve.  
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Since  the  .present   theory is a linear  one,   no  comparison  except  with 
t h e   i n i t i a l   s l o p e  is va l id .   F igu re  20 does  point  up,  however,  the non- 
l i nea r   behav io r   poss ib l e   w i th   ex t r eme ly   f l ex ib l e   co r ruga t ions   l i ke   t he   one  
tes ted.   (This   non-l inear i ty  is probably  due t o   t h e  membrane a c t i o n  
a s s o c i a t e d   w i t h   l a r g e   t w i s t i n g  of t he   p l a t e   e l emen t s ,  as suggested i n  
re ference   2 . )  

It should   be   no ted   tha t   the   b t /p2   parameter   for   th i s   spec imen  has  
the   fo l lowing   va lue  : 

which is probably  outs ide  the  range  of   most   pract ical   appl icat ions  and 
below t h e  smallest va lue  ( . 005 )  c o n s i d e r e d   i n   t h e   b u l k  of t he   p re sen t  
c a l c u l a t i o n s .   F o r   l a r g e r   v a l u e s  of b t / p 2  , i .e. geometr ies   of   larger  
relative s t i f fnes s ,   t he   behav io r   shou ld   be  more n e a r l y   l i n e a r .  

CONCLUDING REMARKS 

A theore t ica l   ana lys i s   has   been   presented   of   the   shear ing   of  a 
t rapezoidal ly   corrugated  plate   with  discont inuous  a t tachments  a t  the  ends 
of   the   cor ruga t ions  and wi th   the   t rough  l ines   cons t ra ined   to   remain  
s t r a i g h t .  The las t  condi t ion  means t h a t   t h e   a n a l y s i s  is  app l i cab le   p r i -  
m a r i l y   t o   t h e   c a s e   i n  which the   co r ruga ted   p l a t e  i s  a t tached  a f l a t   p l a t e  
o r  some o the r   s t ruc tu re   a long  i t s  t rough   l i nes   t o   p reven t   t hese   l i nes  from 
cu rv ing   i n   t he   p l ane  of t h e   p l a t e ,  and i t  w i l l  over-estimate somewhat t he  
s h e a r i n g   s t i f f n e s s  of a cor ruga ted   p la te   wi thout   such   cons t ra in t .  By 
adding  one  degree  of  freedom to   t he   d i sp l acemen t s   i n   t he   p l ane  of t h e  
cross   sect ion,   the   analysis   can  be  extended  to   the  case  in   which  the 
t r o u g h   l i n e s   a r e   p e r m i t t e d   t o   c u r v e   i n   t h e   p l a n e  of t h e   p l a t e ,  and i t  
w i l l  then  be more p r e c i s e l y   a p p l i c a b l e   t o   t h e   c a s e  of a cor ruga ted   p la te  
a lone .  

The p r e s e n t   a n a l y s i s  i s  considered  to   be more accurate   than  previous 
shear ing   ana lyses  of cor ruga ted   p la tes   (e .g . ,   re f .2)   in   the   fo l lowing  
two re spec t s :   ( a )  i t  permits more degrees of freedom for   displacements  
i n   t h e   p l a n e  o f  t he   c ros s   s ec t ion ,  and  (b) i t  does  not assume t h a t   t h e  
s t r a i g h t   l i n e   g e n e r a t o r s  of t h e   c o r r u g a t i o n   r e m a i n   s t r a i g h t   l i n e s .  It 
should   be   no ted   tha t   the   p resence   o f   the   l as t   assumpt ion   in   an   ana lys i s  
p r e v e n t s   t h a t   a n a l y s i s  from dis t inguishing  between  the  case  of   t rough 
l i n e s   h e l d   s t r a i g h t  and  t rough  l ines   permit ted  to   curve.  

Numerical   resul ts  on o v e r - a l l   s h e a r i n g   s t i f f n e s s ,  stresses and 
displacements   have  been  presented  for   selected  geometr ies   for   the  case 
of  no ex te rna l   ro t ac iona l   r e s t r a in t   a long   t he   t rough   l i nes .  The r e s u l t s  
f o r   s h e a r i n g   s t i f f n e s s  are f o r   t h r e e   k i n d s  of  attachment a t  the  ends of 
the   cor ruga t ions :   (a )   po in t   a t tachments   a t   the   ends  of the   t rough  l ines  
only,   (b)   point   a t tachments  a t  the   ends   o f   bo th   t he   c r e s t   l i nes  and t h e  
trough  l ines,   and  (c)  wide  attachments a t  the  ends  of   the  t rough  l ines  
only.  The stress and  displacement  numerical   results are on ly   fo r   t ype  
(a)  end  attachments. 
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From  a  study  of  the  numerical  results it is  evident  that  2bt/p 2 
(length  times  thickness  divided  by  the  square  of  the  pitch)  is a very 
significant  parameter.  The  relative  shearing  stiffness (i.e.  the ratio 
of  the  actual  shearing  stiffness  to  that  corresponding  to  uniform  shear) 
is primarily  a  function  of  this  parameter  and  only  secondarily  a  function 
of  t/p  (thickness  divided  by  pitch).  And  the  major  stresses  and  dis- 
placements  vary  in  a  simple  way  with  t/p  if  2bt/p2  is  kept  constant. 

For  the  range of geometries  studied  numerically  the  following  main 
features  were  observed  for  the  stresses in the  case  of  no  external 
rotational  restraint  along  the  trough  lines  and  type (a) end  attachments: 
The  largest  stress  in  each  case  was  the  transverse  extreme-fiber  bending 
stress  associated  with  frame-like  bending  of  the  end  cross  sections.  The 
next  largest  stress  was  a  middle-surface  shear  stress  at  the  middle  cross 
section,  except  in  the  case  of  the  very  short  corrugations,  for  which  case 
an  extreme-fiber  torsional  shear  stress  could  exceed  the  middle-surface 
shear  stress.  In  that  case,  however,  both  shear  stresses  were  small 
compared  to  the  maximum  frame  bending  stress.  In  all  cases  the  longitudinal 
normal  stresses were negligibly  small  compared  to  the  other  stresses. 

This  last  result  suggests  that  in  future  work  it  may  sometimes  be 
possible  to  simplify  the  analyses  by  assuming  that  the  straight-line 
generators  of  the  corrugation  are  inextensible. 

The  numerical  studies  of  over-all  shearing  stiffness  showed  that 
the  discontinuous  nature  of  the  end  attachments  can  reduce  the  stiffness 
to  a  value  considerably  below  that  corresponding  to  uniform  shear, 
sometimes  (in  the  case  of  very  short  or  very  thin  corrugations)  to  a 
minute  fraction  of  that  value. 

Very  little  increase  in  stiffness  was  obtained  in  going  from  type (a) 
to  type  (b)  attachment -- ice., by  adding  point  attachments  at  the  ends 
of  the  crest  lines  to  point  attachments  at  the  ends  of  the  trough  lines. 
However  a  considerable  increase  in  stiffness  was  obtained  by  going  from 
type (a)  to  type.  (c)  attachments -- i.e.,  changing  from  point  attachments 
to  wide  attachments  at  the  ends  of  the  trough  lines. 

This  suggests  that  considerable  increase  in  stiffness,  in  the  case 
of point  attachments  at  the  ends of the  trough  lines  only,  can  also  arise 
from  interference  between  the  end  of  the  deforming  corrugation  and  the 
member  to  which  the  attachment  is  made.  (The  importance  of  this  inter- 
ference  was  noted  in  ref. 7.) This  kind  of  interference,  being  one-sided, 
destroys  the  anti-symmetry  of  the  deformation  pattern  that  would  otherwise 
exist. It can  be  taken  into  account  in  the  analysis  by  adding  two  more 
degrees  of  freedom  to  the  displacements  in  the  plane  of  the  cross  section 
and  three  to  the  longitudinal  displacements.  Additional  complexity  due  to 
these  additional  degrees  of  freedom  can  be  minimized  through  judicious  use 
of the  method  of  superposition. 

We  close  with  the  following  perhaps  obvious  practical  observation: 
If, for  a  given  geometry,  the  objective  is  to  maximize  over-all  shearing 
stiffness  and  minimize  frame  bending  stresses  (which,  as  noted  above,  can 
be  the  largest),  this  can  be  achieved  by  designing  the  end  attachments so 
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f 
as  to  reduce  as  much  as  possible  the  frame-like  bending  of  the  end  cross 
sections.  For  the  trapezoidal  corrugation,  this  can  be  accomplished  by 
having,  for  example,  attachments  at  the  ends  of  both  the  trough  lines 
and  the  crest  lines,  with  at  least  one  of  these  sets  of  attachments  being 
the  full  width  of  the  trough  or  crest.  It  can  also  be  accomplished  with 
only point  attachments  at  the  ends  of  the  crest  lines  and  the  trough  lines 
provided  that  there  is  interference  with  fairly  rigid  members  at  both  these 
places.  The  frame  bending  of  the  end  cross  sections  can  of  course  also  be 
suppressed  by  specially  machined  end  fittings  or  by  continuous-weld  end 
attachments. 
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APPENDIX A 

STRAIN ENERGY OF  FRAME BENDING 

A un i t   l eng th   o f   co r ruga t ion  w i l l  here in   be   ana lyzed  as a frame  whose j o i n t  

displacements are made  up of   the  two components shown i n   f i g u r e   4 ( c ) .  The slope- 

d e f l e c t i o n  method w i l l  f i r s t   b e  used  to  determine  the  frame  bending moments i n  

terms of v 1, v2 and  the unknown r o t a t i o n   o f   j o i n t s  1 and 4 and O 2  of 

j o i n t s  2 and 3. The r o t a t i o n s  and are t aken   pos i t i ve  when clockwise 

as viewed  from  the  posit ive  end  of  the  z-axis  (see  f ig.  6 ) .  From these  bending 

moments t h e   s t r a i n   e n e r g y  of  frame  bending  can  determined i n  terms of V I '  V2'  

el, and e2. Using the   cond i t ion  of moment e q u i l i b r i m   f o r   t h e   j o i n t s ,   o n e   c a n  

eva lua te  e l  and e 2  i n  terms of v1 and   v2   and   thus   e l imina te   the   jo in t   ro ta t ions  

from the   s t ra in   energy   express ion .  

In   o rder   to   car ry   ou t   the   ana lys i s   p roposed   above ,   the   bas ic  beam  end-moment 

formulas shown i n   f i g u r e  7 w i l l  be   he lp fu l .   I n   app ly ing   t hese   fo rmulas   t o   each  

member of   the   f rame,   the   appropr ia te  8 quan t i t i e s   can   be   ob ta ined  from t h e   j o i n t  

r o t a t i o n s  of f i g u r e  6,  and the   appropr i a t e  A can  be computed from  the v1 and 

jo in t   d i sp lacements  shown i n   f i g u r e   4 ( c ) .  The A express ions  are t abu la t ed  

below. 

v2 

TABLE A 1  

Member A 
I 

~ ~ " 

01 I 
12 

23 

v1 

Using f i g u r e  7, t h e   n o t a t i o n  A l ,  A 2 ,  A 3  def ined   in   Table  A l ,  and t h e  

n o t a t i o n  shown i n   f i g u r e  8 ,  one  can write the  fol lowing  expressions  for   the  f rame- 

element end  moments per   uni t   width of   f rame  ( i . e . ,   per   un i t   l ength   o f   cor ruga t ion) :  
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Mo 1 

M1O e 'I+ e e 

4D  2D 6D '2 
M12 = k e 1 + k e 2 + k  

M2 1 

- - 2D 

(3+a)D 3 ( l + a ) D  2 = -  

2D  4D  6D  '2 
k k k k  

6D  6D '3 
M2 3 = "2+-  f f f  - 

= - e 1 + - - e 2 + -  - 

where a is def ined  as z e r o   i f   j o i n t s  0 and 5 are h i n g e d ,   o r   u n i t y   i f   t h e s e  

j o i n t s  are clamped,  and D is the   f l exura l   s t i f fnes s   pe r   un i t   w id th   o f   f r ame  

( i . e . ,   pe r   un i t   l eng th   o f   co r ruga t ion ) .  

The bending moments v a r y   l i n e a r l y   b e t w e e n   j o i n t s   i n  a frame  with  imposed 

displacements   and  rotat ions a t  t h e   j o i n t s .  Thus the  bending moments pe r   un i t  

width of  frame are given by the  following  expressions,   in  which  bending moment 

which puts   compress ion   in   the   upper   f ibers  is cons idered   pos i t ive :  

M = Mol + - (-M s1 
e 10 - Mol)  f o r  member 01 

2s 3 M = M23 (1 - f) €or  member 23 

The s t ra in   energy  per   uni t   width  of   f rame  (uni t   length of corrugat ion)   can 

be  obtained by i n t e g r a t i n g  M / (2D)   a long   the   en t i re   p rof i le  of the  corrugat ion.  

Thus t h e   s t r a i n   e n e r g y  of frame  bending is  

2 

e 
S 1 2 

ub E & E I [Mol + p (-Mlo -Mol)] d s l  

0 

k 
- 

2 "2 
f 

2s 2 
+ 2'1 CM12 + k ("21 -M12>1 ds2 + I [M23 (1 - $)] ds3 

0 0 
- 
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or 

With  the  joint  moments  eliminated  through  equations ( A l ) ,  

2 D  2  2 '1 3D 2 
e 

2 
A 1  6D (a +1) + ("1 - (3a +1) ub - - e l  e (a +3) + e1 eT 

2 12D A2  A2  A2 
2 

+ 4 (e, + e l  e 2  + e,) + - [ e  - + e 2  + 1 

+ 6 r [e2, + 2e2 + 1 

D 
k 1 k  

D 2  A3  A3 
2 

This  equation  expresses  the  strain  energy  of  frame  bending  in  terms  of  the 

joint  rotations e l  and e2  and the quantities A1 , A 2 ,  A 3 ,  the  latter  being 

functions  of v1 and v defined in table A l .  The  rotations  can  be  eliminated 

from this  expression  by  beans  of  the  moment-equilibrium  conditions  for  the joints, 

namely 

2 

M10 + Ml2 = 0 and M21 + M23 = 0 

By virtue  of  equations ( A l )  these  conditions  become 

(A5 

The  solution  of  these  equations  is 
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where 
2 

B E 4(3+a) T;+ 12(:) + 6(3+a) r + 24 T; r e e e e  
(A8 1 

With equat ions  (A7) used t o  e l i m i n a t e  the r o t a t i o n s  i n  (A4), the la t te r  
becomes 

2e  A *  42 2 A3 2 A1 A2 A2 A3 
B ub = A 11 (1) e + A Z 2 ( ~ )  + A 3 3 ( ~ )  + A12 0 + A23 k f + A13 f A3 (A9) 

where 

2 2 
A l l  = 192  a2(2 f + 3 :) + 72(15a + 2a + 3)[: (t + 2 :)](2 f + 3 :) 

2 2 
+ 432 (3a + 1)[ (f) (: + 2 :)I (AlOa)  

A22 = 24(a+ 3) r; (E + 6 ~ ) ( 2  i; + 3 r) 2 e  e e e  e 

2 2  2 2 2  2 + 144(:) [(a + 3)(f) + 2(3a + 2a + 15) f + 3(3a + 2a + 15)(:) ] 

+ 864(:) 3 e  r ( i ;  e + 2 7) e (AlOb) 

A33 = 48(a + 3) T; (2 T; + 3 T )  2 e  e e e 

2  2 
+ 144(g) e [4(a  + 3) + (a + 6a + 21) k f  

= 144(3a +2a+3) 2 5 (2 2 + 3 :) + 864(a (E + 2 -1 2  2 
A13 

e 
k f  k f 

(Aloe) 
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2 
- 288( t )2  I [(a + 4a + 15) f + 3 ( a  + 2a + 9 )  ] 

2 

- 1728(-i;) - (g + 2 T )  e 3 e  e 
f k  (AlOf) 

(Inasmuch as a t akes  on only  the  values   zero  and  one,   the   above  equat ion  and 
subsequent   equat ions  involving a could   be   s impl i f ied   by   rep lac ing  a2 by c1 .) 

S u b s t i t u t i n g   f o r  A1, A2 and A 3  the   expressions  f rom  table  A l ,  one 

f i n a l l y   o b t a i n s  Ub i n  terms of v1 and v 2: 

2 
Ub = al l  v1 + 2a12 v1 v2 + a22 v2 2 
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APPENDIX B 

VARIATION OF THE TPE 

Equation (18) in expanded form is 

b 2 
dul dul  du2 du2 

2 

TPE = b l l ( r )  + 2b12 r + b 2 2 ( ~ )  1 dz 

-b 

b 
dv 1 dv2 

+ d21 u2 dz + d22 u2 dz 
-b 

2 2 

dz 

-b 

-b 

- 2Fu0 

where 

e l l  G e l l  + e 11 

e : e   + e  
* - 

22 22 22 

* - 
e12 e12 + e 12 

The f i r s t   v a r i a t i o n  of t he  TPE due t o  t h e   v a r i a t i o n s  6uo Y 6Ul (2) Y 

6u2(z)  6vl(z),   6v2(z> is  

b 

6(TPE) = 2 1  

-b 
(equati.on  continued on next  page) 
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b - 
+ 21 pll v1 6vl + a12(v16v2 + v26vl) + a22 v2 6v2J dz 

-b 

Where t h e   d e r i v a t i v e  of a v a r i a t i o n   a p p e a r s   i n   t h e   i n t e g r a n d  of equat ion  ( B 3 ) ,  
i n t e g r a t i o n  by p a r t s  w i l l  t ransform  such a term so  tha t   t he   i n t eg rand   i nvo lves  
t h e   v a r i a t i o n   i t s e l f ,   r a t h e r   t h a n  its de r iva t ive ,   a sd  w i l l  a l s o   i n t r o d u c e  
boundary terms. For  example, 

Reducing a l l   i n t e g r a n d s   i n   t h i s  manner wherever   possible ,   and  rearranging 
terms,  one  obtains:  

b 

6(TPE)  = (6uo) (2co0uO + 2cO1u1 - b) F dz 

-b 
2 2 d u1 d u2 

dz dz 

+ 2 ; b ( - b l 1 7   - b 1 2 7  +C u +c u +C u + - 1 d dvl 
01 0 11 1 12 2 2 1 1 T P U 1 )  dz 

-b 
b 2 

1 dvl 1 dv2 -b - ' u2 +c12u1+c22u2+ 2 d 2 1 x  + 2 d 2 2 x )  (6u2) dz 
22 dz2 -b 

/ 11 1 12 2 2 11 dz 2 21  dz 1 1 7  - e 1 2 2 ) ( 6 v l )  dz 
-b 

dul 1' du2 d 2 v1 2 v2 + 2  (a v + a  v - - d  --"d --e 1 

dz 

(equation  continued  on  next  page) 
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-b 

-b 

Equation (B4) is  valid  for  the  case  in  which  there  are  point  attach- 
ments  at  the  ends of the  trough  lines  only  (fig. 3(a)). If  there  are  wide 
attachments  at  the  ends  of  the  trough  lines,  as  idealized  in  figure  3d,  it 
is  necessary  to  drop  out  the  boundary  term  involving 6vl , i.e.  the  term 
next  to  the  last. 

If  there  are  point  attachments  at  the  ends  of  the  crest  lines  (fig. 3(b)) 
then 6vl and 6v2 at z = f b  are  not  independent.  The  attachuent  at 
the  end  of a crest  line  restricts  the  attachment  point  against  horizontal 
and  vertical  movement in the  plane  of  the  cross  section.  The  component  cross- 
sectional  deformations  of  figure 4 automatically  satisfy  the  condition  of 
zero  vertical  movement  of  this  point  but  not  the  condition  of  zero  horizolltal 
movement.  From  figure 4(c)  it  is seen  that  the resultant.horizonta1 dis- 
placement  of  the  crest  plate  element  plate  element  is  (v  sing)  cos9 + v2  sine 
The  vanishing  of  this  displacement  at z = f b implies  tiat 

whence 

Thus,  when  there  are  attachments  at  the  ends  of  the  crest  lines,  6v2  in 
the  last  term  of  equation  (B4)  should  be  replaced  by - 6v cos0. The 
last  two  terms  of  equation  (B4)  can  then  be  combined,  giving  the  following 
form  of 6 (TPE) : 

1 
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du 1 
+ C(bll dz + b12 dz l b  

-b -b 

r dv dv, 
+ [d u + d21u2 + 2ell 1 1 1 1  

1 L 

+ 2e12 dz 

dvl dv2 
-(d22U2 + 2e12 dz + 2e22 x) c o s ~ 1 ( 6 v l )  1 l b  

-b 

where t h e   n o t a t i o n  (.e-) has   been   u sed   t o   i nd ica t e  terms which a r e   i d e n t i c a l  
to   the   cor responding  terms i n   e q u a t i o n  ( B 4 ) .  

Dif fe ren t i a l   equa t ions . -  If t h e  TPE is t o   b e  a minimum, 6 (TPE)  must 
van i sh   fo r  any  and a l l  a r b i t r a r y   v a r i a t i o n s   i n  UO' u p '  u2(z) ,   v l (z ) r   V2(Z))  
and i t  then  fol lows from t h e   i n t e g r a l  terms i n   e q u a t i o n s  ( B 4 )  and (B7) 
t h a t  uoy ulY u2'   v lY  v2  must   sat isfy  the  fol lowing  equat ions:  

4cO0 uob + 2cO1 L u d z - 2 F  0 

-b 

2 
u1 

2 
" 3 1 dvl 

- bll  d22 b12 d22 01 0 + C  u + c l l u l  + c u + - d  12. 2 2 11 dz 

2 d ur 2 
u2 1 dvl 1 dv2 

- b12 d22 b22 2 1 2  1 22u2 + d 2 1  dz 2 22 dz 
" + c  u + c  + - d  - - - 0  

(B9) 
du 
" - 0  

2 

d z  l2 dz2 

v1 2 v2 
2 

allVl + a12V2 - dll  21 dz el l  2 - e - - 

du2 v1 v2 
2 2 

a12V1 + a22V2 22 dz 1 2  dz 
l d  - -  e - -  e - = 0  

22 dz2 
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Boundary  conditions.-  The  vanishing of the  boundary  terms  in  equations 
(B4) and  (B7)  requres  that  the  variables  satisfy  certain  conditions  at  the 
boundaries ( z  = 2 b). For the  case of point  attachment  at  the  ends of the 
trough  lines ( f ig .  3(a)), equation (B4) applies,  and  the  vanishing of the 
boundary  terms  in  it  leads  to  the following %boundary  conditions: 

dul du2 
bll dz + b12 dz = O 

dul du2 
b12 dz + b22 dz = O 

dVl dv2 d u + d  u +tell= 3. 2e12 - 0 11  1  21  2 

dv 1 dv2 
22 2 + 2e22 dz d u + 2eI2 = o  

at z = ? b. For  the  case of  wide  attachments  at  the  ends  of  the  trough 
lines  (fig. 3(d)), equation (B4) applies  but  with  next-to-the-last  term 
omitted. A s  a  result,  the  first of equations  (B11)  is  non-existent,  and 
the  condition 

vl(? b) = 0 ( B l l ' )  

i s  used in  its  stead. 

For the  case  in  which  there  are  point  attachments  at  the  ends of  the 
crest  lines  as  well  as  the  trough  lines  (fig. 3(b)), equation (B5) con- 
stitutes  one of the  boundary  conditions.  The  remaining  boundary  conditions, 
implied  by  the  vanishing of the  boundary  terms of  equation  (B7),  are  equations 
( B l O )  again  and  the  following  equation in plact  of ( B 1 1 ) :  

dv 1 dv2 
11 1 21  2 + 2e12 dz d u + d u + 2ell 

dv 1 dv2 -(d u + 2e12 + 2e22 x) cos9 = o  (B12 1 22  2 

at z = ? b. 
2 

Inasmuch  as  the  determinant bll b22 - b12 of  equations  (B10)  is  non- 

vanishing,  these  equations  can  be  replaced  by 

" dul du2 
dz - 0, - =  

dz 
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P h y s i c a l   i n t e r p r e t a t i o n  of the  boundary ~ ~~~ - ." condi t ions.-   Equat ions (B10) o r  

(B13), i n   con junc t ion   w i th   t he   f ac t   t ha t   duo /dz  - 0,  are r e a d i l y   i n t e r p r e t e d  

t o  mean t h a t   t h e r e  are no longi tudina l   normal  stresses a c t i n g  a t  the  corruga-  

t ion   ends .  

I n   o r d e r   t o   i n t e r p r e t   e q u a t i o n s  (B11) it is f i r s t   n e c e s s a r y   t o   r e p l a c e  

the  system  of   shear   forces   and  twist ing moments a t  the   ends   o f   the   cor ruga t ion  

by a s t a t i c a l l y   e q u i v a l e n t   s y s t e m   o f   s h e a r   f o r c e s   a l o n e   a c t i n g   i n   t h e   m i d d l e  

planes  of   the   individual   plate   e lements .   This   replacement  is shown i n   f i g u r e  9 ,  
which is  a view of t he   co r ruga t ion  as seen  f rom  the  posi t ive  end  of   the  z-axis .  

P a r t  (a )   o f   f igure  9 shows the   bas ic   sys tem  of   shear   forces   F1 ,  F2, F3 

and tw i s t ing  moments T1, T2,  T3 a c t i n g  on the   ends   o f   t he   i nd iv idua l   p l a t e  

elements. The tw i s t ing  moments are r e l a t e d   t o   t h e   d e f o r m a t i o n s ,   v i a   e q u a t i o n s  

(9) and t a b l e  3, as fol lows;  

G ' J 1  dvl 

T 1 = - -  e dz 

G ' J 2  dv2  dvl 
T2 =-- k ( d z + d z  case) 

G ' J 3  dvl 
- T3 = (-2 - s i n  e + 2 - dz  dz 

The shear   forces   F ly   F2 ,  F3 can  be  expressed  in  terms of  the  deformations 

wi th   t he   a id   o f   equa t ions  (5) and t a b l e  2 .  The r e s u l t  i s  

P a r t  (b) of f i g u r e  9 i s  t n e  same as p a r t  (a) excep t   t ha t   t he   tw i s t ing  mom- 
ments  have  been  represented by p a i r s  of p a r a l l e l   o p p o s i t e l y   d i r e c t e d   f o r c e s  
a c t i n g  a t  the   j unc t ions  of the   p la te   e lements .   In   par t   (c )   each   such   force  
has  been  replaced by components p a r a l l e l   t o   t h e  two plate   e lements   forming  the 
junc t ion  a t  which the   force   ac t s .   In   par t   (d)   o f   f igure  9 a l l  t h e   f o r c e s  
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a c t i n g  as shear ing   forces   a long   the   middle   sur face  of each  plate  element  have 
been  replaced  by a s i n g l e   r e s u l t a n t .   T h e s e   r e s u l t a n t s  are 

- T2 T1 
R1 = F~ + csce - - co te  e 

m m 

and  they w i l l  be   ca l l ed   t he   e f f ec t ive   i n -p l ane   shea r s .   Expres s ing  TI' T2' 

T3 and F1, F2, F3 i n  terms of the   deformat ions   v ia   equa t ions  (B14) and 

(B15) g ives  

- G ' J ~  2G ' J3 dvl R2 = - G t  u + G t  u2 + (Gt k s i n e  + 7 C S C e  3. 7 1 s i n e )  
e  f 

2G ' J3 dv2 
c o t e )  

- 4G' J3 2G' J2 dvl R3 = -2Gt  u2 + (Gt f s i n e  cos0 - - sine  cos0 + 7 co te )  - 
f 2  k dz 

4G'J3  cos e 2 2 G ' J 2  dv2 
+(Gt f s i n e  + - - 4- - 2 s i n e  k2 c s c e )  

For a f r e e   e n d   t h e   f o r c e s  R1 and T l / e  i n  f i g u r e  9d need  not 

be  zero.  They are the   fo rces   fu rn i shed  by the  a t tachments  a t  the  ends of 

t h e   t r o u g h   l i n e s .  However, t h e   r e s u l t a n t s  R2 and E3 do  have t o   b e  

z e r o   f o r  a f r ee   end .  Thus, as f a r  as t h e   f o r c e s   i n   t h e   p l a n e  of t h e  end 

c r o s s   s e c t i o n  are concerned ,   the   condi t ions   for  a f r e e  end  can  be  wri t ten as 

- 

- 

o r   i n   t h e  form of any two l inear ly   independent   l inear   combinat ions  of   these 
two equations.   Choosing  the  l inear  combinations 

2ii s i n e  + E s i n e  cos0 = o 2 3 
- 
R s i n e  = o  3 
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one  finds,  after  substituting  the  expressions for R2 and  R3  from  equations 

(B17)  and (B18), that  these  linear  combinations  are  identical  to the boundary 

conditions  (B11)  obtained  by  the  variational  method. 

.- - 

For  the  case  in  which  there  are  attachments  at  the  ends of the  crest 

lines, R3 need  not  be  zero  inasmuch  as  the  attachment  is  capable  of  ex- 

erting  a  force.  Only  the  inclined  plate  elements  are  free of effective  in- 

plane  shear, i.e. R2 - 0. Writing  this  as 

- 

- 

and  eliminating 

to the  boundary 

method. 

- 
R2 via  equation  (B17),  it  is  seen  to  be  exactly  equivalent 

condition  (B12)  obtained  for  this  case  by  the  variational 

Thus  the  boundary  conditions  (B11)  and  (B12)  obtained  by  the  varia- 

tional  method  have  been  shown  to  be  equivalent  to  the  physical  requirement of 

vanishing  of  the  effective  in-plane  shears R2 and R3 or R2 alone. 
- - - 
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APPENDIX C 

SOLUTION OF THE EQUATIONS FOR THE BASIC UNKNOWNS 

In   th i s   appendix   equat ions   (19)  w i l l  be   so lved   fo r   u l ( z )   u2 (z )  
v l ( z )  and  v2(z)   in  terns of  uo ( s u b j e c t   t o   t h e   v a r i o u s  sets of  boundary 
condi t ions  discussed  in   connect ion  with  equat ions  (19)) .   Equat ion (20) will 
then   be   used   to   de te rmine   the   re la t ionship   be tween  the   shear ing   force  F 
and  the relative shear ing  displacement  2% of one   s ide   o f   t he   co r ruga t ion  
w i t h   r e s p e c t   t o   t h e   o t h e r .  

P a r t i c u l a r   i n t e g r a l .  - A p a r t i c u l a r   i n t e g r a l  of equations  (19) is first 
sought i n   t h e  form 

u1 = cons tan t ,  u2 = constant ,  v1 = 0, v2 = 0. 

For t h i s  form of p a r t i c u l a r   i n t e g r a l   e q u a t i o n s   ( 1 9 )   r e d u c e   t o  

%lUl + c12u2 - -coluo - 

C12U1 + c22u2 = 0 

whence 

u2 = C2UO 

where 

-c01c22 

k C 2 2  - c12 
C1 2 

c01c12 

% l C 2 2  - c12 

c2  = - 2 

Thus a p a r t i c u l a r   s o l u t i o n  of equations  (19) is 

u1 = C1U0 

u2 = C2Uo 

v = o  1 

v2 = 0 
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Charac te r i s t i c   equa t ion  €or complementary so lu t ion .  - To the  above  must 
beadded a complementary s o l u t i o n ,  which is the   gene ra l   so lu t ion   o f   equa t ions  (19) 
w i t h   r i g h t   s i d e s  a l l  zero.   Solut ions of  t h i s  homogeneous system w i l l  be  sought 
i n   t he   fo l lowing  form: 

u = AerZ 1 

u2 

v = CerZ 

= BerZ 1 ( C 4 )  

1 

v2 
= DerZ 

Subs t i tu t ing   these   assumpt ions   in to   equat ions  (19) wi th   the   r igh t -hand  s ides  a l l  
ze ro   l eads   t o   t he   fo l lowing   r e s t r i c t ions  on A, B ,  C,  D and r: - 

b r “c b r - c12 2 2 
11  11 ; dllr 

22 ; d21r ; d22r 

1 2  
” 0 

b12r - c  b r - c22 2 2 
1 2  

- -  - -  

5 dllr ; d21r 
2 

“ ” 

all - ellr a12 - e12r 

0 2 
a12 - e12r  a22 - e22r  

Thus, f o r  non- t r iv i a l   so lu t ions  of the  form of  equatfons ( C 4 ) ,  r must s a t i s f y  
the   fo l lowing   cha rac t e r i s t i c   equa t ion :  

bllr - c b12r - c 2 2 
11 1 2  0 

2 2 
b12r - c12 b22r  - c 22 

- -  ; d21r ; a22r  
” 

” ; dllr 

0 

- -  ; d21r 

- -  ; d22r 

2 2 
all - ellr a12 - e12r 

2 2 
a12 - e12r a22 - e22r  
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Expanding the  determinant,   multiplying  through  by  16  €or  convenience,  
and  introducing  the  short-hand  notat ion 

n 2 A 

a !  a l la22  - a12 g - 2a12e12 - alle22 - a22el l  

11 22 - b12 12  22 - a22d21 

=l lC22 - c12 j - a l ld22  - a12d21 

e l le22  - e12 

n n 

b - b b  2 h - a d  

n 

c =  2 .. 

.. 2 e =  
,. 
k : d e   - d e  21  22  22 12 

n n 

f E 2b c - b  c - b  c 12 12 11 22 22 11 = d21e12 - d22ell  

one  converts   equat ion (C6) t o  

k + k2r   2  + k 4 r  4 + k6r   6  + k8r8 = 0 0 

where 

k4 = 16(ab + ce + fg )  

+ 4 cll(d22m - d21k> 

- C22e22) 

n.. A,. A 

k6 = 16(bg + e f )  + 4 k(blld21 - 2 b12dll) 

- b l l d 2 2 i  + b22dLe22 

k8 = 16  be 
n.. 
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Reduced  form of the  characteristic  equation. - By  substituting  into 
equations (C9) the  definitions  of 3 , e , etc.  from  equations (C7), and 
then  further  eliminating  all , a2? , etc.  through  equations ( 4 )  (81, 
(B2) and  (13),  and  (15) , the  coefflcients  kg , kp , . . . , k8 of  the 
characteristic  equation  (C8)  can  eventually  be  expressed in terms of the 
elastic  constants,  the  geometrical  parameters  e , k , f and e , and  the 
thickness t . 

.. 

In  reducing  the  characteristic  equation  in  the  manner  described  above 
it  will  also  be  desirable  to  introduce  the  dimensionless  parameter  er  in 
place  of  r , divide  the  equation  through  by E4 in  order  to  non-dimension- 
alize  the  coefficients,  and  factor  out  a  common  factor (t/e)4 . 

As a  result  of  these  steps,  the  characteristic  equation  (C8)  becomes 

Fo4 [i)j + [k22(i)2 + k24($)4](re)2 + [k42[$]2 + k44($]4](re)4 

+ E80 + k82[$)2 + k,4($]4](re)8 = 0 

where 

+ 2h c* d* - f~ C* d* + c* d* 3 + a*  c* (d* )'I 1 1 2  11 1 11 2 1  11 22  1 22  22 11 

k2 4 

k 4 2  ' k) 3c  d c4 E 1 6 2 + c* 11 d* 11 fh 2 - c* 11 d* 2 1  2 + 2d* C* i; 11 1 2  2 - (dfl) C;2e;2 - 1  
+ 4 ") E ' G 2  [4i1g1 ̂ - b* 11 d* 22  1 - 2delbT2fil - (dfl> 2 a;2b$2 + b;lcl&il] 

k44 E l6[[;l2 f$) 2elb3 + 7 E 7 flg2 
E' G G '  ^ - 1  
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and 

C* - e 
1 2  = ” k 

58 



The na tu re   o f   t he   roo t s .  - Computations show t h a t   i n   g e n e r a l   f o u r   o f   t h e  
roo t s   o f   equa t ion  (C10) w i l l  be  real and f o u r  complex. Also, s ince  only  even 
powers  of re appea r   i n   equa t ion  (ClO), fou r   o f   t he   roo t s  w i l l  be   t he  
nega t ives   o f   the   o ther   four .  Thus, l e t t i n g  

1, 

Rj E 
(j = 1,2, ..., 8) 

denote   the   e ight   roo ts ,   they   can   be   represented   in   the   fo l lowing  form: 

3 = U + i V  

R2 = U - i V  

Rg = -U + i V  

R4 = -U - i V  

Rs = X 

R6 = -X 

R7 = Y 

(C14) 

where U, V, X and Y are a l l  real and  dimensionless.  For a g iven   p ro f i l e  and 
g i v e n   e l a s t i c   c o n s t a n t s ,  U, V, X and Y are funct ions  of  t / e  only. 

Series expans ions   for   the   roo ts  o f  t he   cha rac t e r i s t i c   equa t ion .  - When 
t / e  is s u f f i c i e n t l y  small, i t  i s  f e a s i b l e   t o  expand the  roots   re   of   equat ion 
((210) i n  power series i n  t l e  . The fol lowing  three  kinds o f  series expansions 
are pos tu la ted :  

re = qo + q2 [i)2 + q4[:)4 + . . . 
re = p1 k + p3(;)3 + P5 (f)5 e + . . . 

re = t 112 [c,, + c1 5 + c2[i12 + . . .] 

(C17) 

S u b s t i t u t i o n  shows t h a t  a l l  t h r e e  forms  can  indeed  satisfy  equation  (ClO),  
p rovided   tha t   the   coef f ic ien ts   have   the   fo l lowing   va lues :  
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40 = - + JZ (both values generally real) 

2 4 6 1 k22 + k4240 k62q0 + k82q0 

3 2 42 
= " 

40 k60 + k80q0 

. . .  

P3 - - - - [  P 1  

2k22  k24  k42P: + '6OP:] 

. . .  

\ /  (four complex  values) 

4 kO4 + k c + kgOcO 8 
42 0 c. = - 

k22c: + k24c0 2 + 4k c 3 c + 15k c 4 2  c + k 6 2 C o  6 + 8k  c c 42 0 1 60 0 1 80 0 1 c- = - 

. . .  
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Equations (C19) genera te  two series expansions  of  the  form  (C16); 
equat ions  (C20) gene ra t e  two more of  the  form  (C17);  and  equations (C21) 
g ive   fou r   o f   t he  form  (C18). Thus series expansions  have 
been   ob ta ined   for  a l l  e igh t   roo t s   o f   equa t ion  (C10).  Computations show 
tha t   bo th   va lues   o f  q and  both  values  of p1 are real; thus   t he  two 
roots   o f   the   form ((2167 are real ,  as are t h e  two roots  of  the  form  (C17). 
These fou r   roo t s   co r re spond   t o  R5 , , R7 and R8 of   equat ions (C15). 
The four   values   of  co are complex,  from  which i t  fo l lows   tha t   the   four  
roots   o f   the   form (C18) are complex,  corresponding t o  %, R2, R3 and R4 
of  equations  (C15). It is seen  from  the series expansions  that   of   the  
f o u r  real r o o t s ,  two are of   the   o rder   o f   ( t / e )O,  and t h e   o t h e r  two are 
of   the   o rder   o f  t l e  . The four  complex r o o t s  are of   the  order   of  
( t / e ) l / 2 .  

By r e t a in ing   on ly   t he   l ead ing  term i n  each  of   the  three series expansions 
(C16), (C17) and (C18) and (as   noted  above)   ident i fying R1, R2, R3 and R4 
wi th   t he   roo t s   y i e lded  by equation  (C18), Rs and R6 with   the   roo ts   y ie lded  
by equation  ( '361,  and R7 and R8 w i th   t he   roo t s   ye i lded  by equation (C181, 
the   fo l lowing   approximate   express ions   for   the  U, V,  X and Y of   equat ions 
((215) a re   ob ta ined:  

Re la t ionsh ip   o f   t he   coe f f i c i en t s  A ,  B ,  C,  D of  equations ( C 4 ) .  - 
Corresponding   to   any   one   o f   the   e ight   roo ts   o f   the   charac te r i s t ic   equa t ion  
(ClO), s a y   e r .  (j = 1,2, ..., 8) , tnere w i l l  be a d e f i n i t e   r e l a t i o n s h i p  
be tween  the   coJf f ic ien ts  A, B ,  C and D of equations ( C 4 ) .  This r e l a t i o n -  
s h i p  i s  obtained by s u b s t i t u t i n g  r f o r  r i n   e q u a t i o n s  ( C 5 )  and 
so lv ing  any three   o f   those   equat ion4   for   th ree   o f   the   coef f ic ien ts   in  terms 
of   the  fourth.  The las t  t h r e e  of those  equat ions w i l l  b e   s e l e c t e d   f o r   t h i s  
purpose  and  rewrit ten as fo l lows   w i th   t he   i n t en t ion   o f   so lv ing   fo r  B ,  C and 
D i n  terms of A : 

2 2 1 - c22e - - 5 d21e * ( e r )  - - 2 d22e - (e.)] 

e - ( e r )  alle - e l l ( e r l2  a12e2 - e12 ( e r )  

d22e * ( e r )  a12e - e12(er) a22e2 - e22(e r )  
2 2 
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I n t r o d u c i n g   t h e   d e f i n i t i o n s  of b22 , c2* , etc. from equat ions   (4) ,  (8),  
(13), (B2) and ( l S ) ,   s u b s t i t u t i n g  r = rj  , l e t t i n g  A. , B j  , C , Dj denote 
the   va lues   o f  A, B,  C ,  D cor responding   to  r = r, , and  in t roddcing   the  
no ta t ion   de f ined   i n   equa t ion  (C14),  namely R. E erj  , equat ions  (C23) can be  
r e w r i t t e n  as follows: J 

where 

L12 E - T E  21 j l G d *  R 

The s o l u t i o n  of equat ions  (C24) can  be  wri t ten as 

where 

L1l L12 

L12 L22 

-L1 3 L2 3 

” 

2 E  11 j 
I G d *  R 

0 1 
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For  computational  purposes it may b e   d e s i r a b l e   t o   b e   a b l e   t o   a n t i c i p a t e  how 
yg , yy , y j  depend  on t / e  . Earlier, i n   d i s c u s s i n g   t h e  series expansions  for  
t i e  r o o t s  R j  erj , i t  was found t h a t  two real r o o t s  are of   the  order   of  1 , 
t h e   o t h e r  two real r o o t s  are of  the  order  of t /e ,  and  the  four  complex r o o t s  are 
of   the   o rder   o f  (t/e)1/2. Imagining  equations (C24) to   be   so lved  by Cramer's 
rule ,  i t  becomes e v i d e n t   t h a t :  when Rj is of   the   o rder   o f  1, yf , yc , ys) are 
a l s o  of t he   o rde r   o f  1; when Rj is of   the   o rder  of t / e  , yf is of h e  

(t/e)-1/2.  j 

order   of  1, b u t  yc and y? are of   the   o rder  of (t/e)-'; when is  of the   o rde r  
o f   ( t / e ) l / 2 ,  yj" Jis of  $he  order of 1, and y$ and  yD are o f  

The na ture   o f  yf , yi , ys . - From equat ions (C23) the  fol lowing  things 

are evident :  (a) i f  r is replaced  by i ts  negat ive ,  B/A remains  unchanged 
while  C/A and D/A merely  change sign; (b) i f  r is  replaced  by its complex 
conjugate,  B/A, CIA, and D/A are changed t o   t h e i r  complex conjugates;  (c) i f  
r is real, B/A, CIA, and D/A are real; and  (d) i f  r is complex, B/A, CIA, 
and D/A are complex. From (a)  and  (b)  and  equations (C15) i t  fo l lows   t ha t  

and 

B B  
Y4 = Y 1  

B B  
Y 3  = Y2 

B - B* 
y2 - y1 

B - B* 
y4 - y3 

C C 
Y4 = -Y1 

C C 
Y3 = -Y2 

c - c* 
y2 - y 1  

c c* 
Y4 = Y 3  

D D 
Y4 = - Y 1  

D D 
Y3 = -Y2 

D - D* 
y2 - y 1  

D - D* 
y4 - y3 

(C28a) 

(C28b) 

where   the   as te r i sks   denote-  "complex  conjugate". 

From these  deductions  and  (c) and (a ) ,  it f o l l o w s   t h a t   t h e   y j  B 

yy can  be  represented as follows: 
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y1 = P + i Q B  y1 = P + i ,Q  
B- B c c  C 

yB = pB - i Q B  
2 

B B  

yc = PC - iQc 
2 

C C C y3 = P - i Q B  y3 = -P + i Q  

B B  B C C C y4 = P + i Q  y4 = -P - i Q  

B B  
Y5 = s ygc = s C 

B B  
Y6 = yc = -s C 

6 

yB = TB 
7 

yC = TC 
7 

yk  = -T C 

, .  

yy = P + i Q  

y i  = PD - i Q  

D D 

D 

yD = -P + iQ D D 
3 

D D y4 = -P - iQD 

Y 5  = s 

yD = -s D 

D D  

6 

y; = P 

yD = -T D 
8 

real numbers. 

(C29)  

Complementary so lu t ion .  - A t  t h i s   p o i n t   e i g h t   s o l u t i o n s  of  t h e  form of 
equat ions  (C4) have  been  derived. The complete  complementary  solution, 
ob ta ined   by   adding   the   e ight   ind iv idua l   so lu t ions ,  is 
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- uz 

ul = e e  r(9 + A2> cos y vz + i ( p 4  - A2> s i n  e 

+ "'['A3 f A4> cos e VZ + i < A 3  - A4> Sin - vz e 1 

4 

+ S B[ Ase e + A6e -?I+ TB ( ?e % + Age 

v =  1 e'RAl f A2>P C + i(% - A2)0 

+ {i(% - A2)Pc - + A2)Q 

+ _'&(A3 + A4)P C f i ( A 3  - A4>Q 

+ {-i(A3 - A4)Pc - (A3 + A4)Qc}sin $1 
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By expres s ing   t he   exponen t i a l   func t ions   i n  terms of   hyperbol ic   s ines  and cosines ,  
t h e s e   r e s u l t s  are converted to the   fol lowing  form,   in   which  each term is e a s i l y  
i d e n t i f i e d  as being odd o r  even i n  z : 

u1 - - cosh e (%cos 7 vz + x 2 s i n  - e 

+ s i n h  - vz = 

+x cosh - + x6 s i n h  - + A cosh - + A s i n h  - xz- x z =  Yz = YZ 
5 e e 7 e 8 e 

- cash - ($P + A ~ Q  )cos 3 + ( A ~ P  A ~ Q  I s i n  e "[- u2 - e vzl - - B - =  B 

+ s inh  E[(z3PB e + z2QB) cos % + (z4PB - q Q B ) s i n  $1 
cosh - + x s i n h  - xz - 

e 6  e 

Yz - 
e e cosh - + x8 s i n h  

66 
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(C31b) 



v1 = cash - e (x3P + A4Q - )cos 0 + (x4P - AIQ )sin "1 - e 
vz - c  = c  

e )cos e + (x2Pc - T3QC)sin e 

+ S A cosh 2 + sinh '(=6 e 5 2) e 

('8 
Yz - 
e  e + T A cosh - + A7 sinh - 

v2 - cash - (AJP + T2Q )cos $ + (x4PD - AIQ )sin Q ""1' e - = vzl 
+ sinh "II- (Alp + A4Q )cos 7 + (A2P - A3Q )sin 7 

- Vz = D  = D  "I 
cosh - + x sinh - x2 - 

e 5  e 

e + z7 slnhz) e 

(C31c) 

(C31d) 

- - 
where  the new arbitrary  constants A 1  , A2 , ..., A8 are the  following  linear 
combinations of the  original  arbitrary constants A1 , A2 , . .. , A8 : 

- - - - 

- - 
A1 5 A + A2 + A3 + A4 

A2 f i ( A 1  - A2 + A3 - A4> 

A3 5 A1 + A2 - A3 - 
A4 t i ( A 1  - Ap - A3 + A4) 

As 3 A + As 

A6 E A5 - A6 

A7 5 A7 + A8 

A8 5 A, - A8 

1 - 
- - 

A4 
E 

E 

5 - - 

- - 

- - 

On  physical  grounds,  the  total  (particular  plus  complementary)  solutions  for 
u1  and  u2  should  be  even  functions  of z , while  the  total  solution €or VI and 
v2 should  be odd functions of z . The  particular  solutions,  equations (C3), 
already  satisfy th i s  requirement;  therefore  the  complementary  solution,  equations 
( C 3 1 ) ,  must also satisfy  it.  In order to eliminate  from  equations (C31) those 
terms  not  having  the  proper  parity,  it  is  necessary  to  set A2 , , , and r8 
equal  to  zero. 
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Complete so lu t ion .  - Se t t ing   fou r   o f   t he   cons t an t s   equa l   t o   ze ro   i n   t he  
complementary s o l u t i o n ,  as described  above,  and  adding  to it t h e   p a r t i c u l a r  
so lu t ion ,   equa t ions  (C3), t he re   r e su l t s   t he   fo l lowing   comple t e   so lu t ion   i n  
terms o f   f o u r   a r b i t r a r y   c o n s t a n t s  xl , x4 , r5 , K7 : - 

- - 
u1 = 5 u + AI cash - cos - + x s inh  - s i n  - UZ vz - UZ VZ 

1 0  e e 4  e e 

+ cosh - + A cosh - xz - YZ 
5 e 7 e 

u2 
= < + (zlpB + z4QB) cash COS - VZ 

2 0  e e 

+ (z4PB - AIQ ) s inh  - s i n  - = B  UZ VZ 

e e 

+ x5SB  cosh + z7~B cosh - YZ 
e e 

v1 
= ( z 4 p c  - = c  AIQ ) cosh - s i n  - uz vz 

e e 

+ ( P C  + T49') s inh  UZ COS - VZ e 

+ Sc s inh  + x7TC s inh  - Y Z  

5 e e 

(C32a) 

(C32b) 

(C32c) 

v2 
= (z4pD - r l ~ D )  cosh - UZ s i n  - V Z  

e e 

+ (zip + X4Q ) s inh  - COS - D - D  UZ VZ 
e e 

+ z5SD s inh  2 + z7TD s inh  - YZ 
e e (C32d) 

Evaluation of the   a rb i t ra ry   cons tan ts   th rough  boundary   condi t ions .  - The 
unknown cons tan ts  , x4 , X5 , and r7 are determined  from  the  boundary 
condi t ions,  which are: equat ions  (B13) and (B11) i n   t h e   c a s e  of po in t  
attachments a t  the  ends of t he   t rough   l i nes   on ly   ( f ig .   3 (a ) ) ;   equa t ions  (B13) , 
(B5)  and  (B12) i f   t h e r e  are point   a t tachments  a t  the   ends   o f   t he   c r e s t   l i nes  
as w e l l  ( f i g .   3 ( b ) ) ;  and equations  (B13),  (B11')  and  the  second  of (B11) i f  
t h e r e  are wide  attachments a t  the  ends of t h e   t r o u g h   l i n e s   ( f i g .   3 ( d ) ) .  
Subs t i tu t ion   o f   equa t ions  (C32) into  these  boundary  condi tons  leads  to   four  
s imultaneous  equat ions  for  Kl , E4 , 4 and K, . 
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R ! -  

For the case of point attachments at the ends of the trough lines only 
these equations are 

- 
x1 
"0 

*4 

uO 

- sinh - TJb 
e 

- - 
- sinh - ub 

e 
- - 
*5 - sinh - xb 

e U 0 -  

5 
- 
- sinh - Yb 

e -uO 

0 

0 

N3 

N 4  

where 

= ua- v s  

N12 - Uc^s + Vsc n 

N13 = X 

N14 = Y 

N21 = PBNll - QBN12 

N Z 2  = QBNll + P N12 
B 

N23 = SBX 

N24 
= TBY 

N31 = d cc + d a + ellBl + e12BI ' A  - B - C - D  
11 2 1  1 

N32 = d ss  n + d a + eIIBi + el28; - B  
11 2 1  2 - 

N33 = (dll + d S + ells X + e12S X)  coth p 
- B  C D xb 

N34 = (dll + dZ1T + e T Y + e12T Y) coth - B  C D Yb 

2 1  
% 

11 

(Continued on next page) 
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N43, (dllS + E S X + 622S X) coth - - B  C D xb 
12 e 

N44 = (dllT + e T Y + e22T Y)  coth - - B ' C  - D  Yb 
.12 e 

N4 = -d11';2 

with 
n VLY ss z s i n  - e 

n sc =_ cos - vb 
e 

cs z coth - s i n  - n ub n 
e e 

cc 3 coth  cos - n vb 
e e 

a1 5 P B E  - Q"2 

aB Z P ss + Q cc B n  B n  
2 

gc z U(Pc$ - QcE) - V(P ss + Q cc) c n   c n  
1 

!3; z' U ( P c g  + QcC) + V ( P c s  - QcST\S) 

z U(PDG - QDsT\s) - V ( P D z  + QDS) $1 

6; ! U(PDG + QDS) + V(PD$ - QDsr\s) 

and 
- 
dll E -sin 0 
I 

d21  E s i n e ( 1  - cos 0 )  

(C34) 
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As is impl i ed   i n   t he  form of equations (C33), i t  is  usual ly   convenient   for  

computational  purposes  to  regard - s inh  * , 3 ' s inh - - ub s inh  - and xb 
e u  e '  uo e 

- - 
uo I == P - 

- A7 Yb "1"." .2  - 
r 

s i n h -  as unknowns, r a the r   t han  - 
uO e "0 ' uo ' uo ' uo 

For   the  case of point  at tachments a t  the   ends   o f   t he   c r e s t   l i nes  and t h e  
trough l ines the  simultaneous  equations  arising  from  the  boundary  conditions  are 

N1l 

N21 

- 
N31 

N4 1 
- 

N1 3 

N23 

- 
N33 

N4 3 

- 

- A1 s i n h  - ub 
e uO 

- Ah s i n h  - ub 
e uO - ~ 

- A5 

uO 

- ' binh yb 
uO 

s inh  - xb 
e 

A 

e 

where 

- 
N~~ = ( p C E  - Q ~ Z ) C O S  e + (pDG - Q ~ S )  
- 
N32 - (PC$ + Q c ~ ) c o s  0 + ( P D s  + QDE) 
- 
N~~ - s e + s 

N~~ - T COS e + T 

N~~ =I N~~ - N ~ ~ C O S  e 

C D 

- C D 

- 

- 
'N42 N32 - N COS 0 42 
- 
N43 - N33 - N 4 3 ~ ~ ~  0 

0 

0 

0 

- 
N4 
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F i n a l l y ,   f o r   t h e  case of  wide  attachments a t  the   ends   o f   the   t rough  l ines  
they  are 

\ 

where 

- - 
- A1 s i n h  - ub 

e "0 - - 
- A4 s i n h  - ub 
uO e 
- - 

- s i n h  - Yb 
e "0 

N 3 1  = PcG - QC$ 

= C n  C n  
N 3 2  = P c s  + Q sc 

( C 3 8 ' )  

I (C39 ' 1 

Relationship  between  shearing  displacement  and  shearing  force.  - A t  t h i s  
s tage   the   d i sp lacement   quant i t ies   have  a l l  been  determined i n  terms of UO., 
and  equations ( 2 0 )  and (C32a)  can  therefore   be  used  to   determine  the  shear lng 
fo rces  F needed to   ma in ta in   t he  relative shearing  displacement 2u0 . The 
r e s u l t i n g   r e l a t i o n s h i p ,   t a k i n g   i n t o   a c c o u n t   t h e   d e f i n i t i o n s   o f  coo  and col 
(eq. ( 8 ) )  , is  
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APPENDfX  D 

SPECIAL  CASE:  f = 0 

For  the  special  case  f = 0 (fig . 10 (b) ) junction  lines @ and @ 
coincide  and  form  a  line  of  points of inflectiou  of  the  cross  sections. 
Along  the  common 
and  the  vertical 
met  by  setting 

junction  line  the  longitudinal  displacements  must  vanish, 
displacement  must  also  vanish. These conditions  can  be 

and 

[v, ( z )  sine]  sine - [v2(z)] cos8 = o 

The  variational  form  of  these  equations  is 

6u2 = 0 

6vl = 6v2  cose/sin e 2 
(D4 1 

Incorporation  of  these  conditions  into  equation (B4) gives  the  fol- 
lowing  expression  for  the  first  variation  of  the TPE: 

(equation  continued on next  page) 
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dul 
b 

+(2bll  6ul) I 
-b 

where 

e;, = G t  s i n  2 e ( k  + T f 2  cos 0 )  t G (-- 

e 

e = Gtf  sin'e + G -  22 k2 

11 1 2 ' J2 e12 = - Gtf s in   ecose  + G - cos8 2 k2 

So f a r   t he   van i sh ing   o f  f has   no t   been   incorpora ted   in to   equat ion  (D5) .  
I n   o r d e r   t o   i n c o r p o r a t e   t h i s   c o n d i t i o n   i n t o   t h e  terms a r i s i n g  from s t r a i n  
energy  of  middle-surface  shearing, f may simply  be  allowed  to  approach  zero 
i n   e q u a t i o n s  (D6) .  However, the  s t ra in   energy  of   f rame  bending  cannot   be 
o b t a i n e d   c o r r e c t l y  by l e t t i n g  f a p p r o a c h   z e r o   i n   t h e   e q u a t i o n s   f o r  a 1, 
and a22 -equations  (A12), (A10) and (A8) .  The reason  is t h a t  w i d  con- 
d i t i o n  (D2)  imposed to   p reven t   ve r t i ca l   d i sp l acemen t s   o f   j unc t ions  @ and 0, 
allowing f to   then  approach  zero w i l l  l e a d   t o  a clam i n g   ( z e r o   r o t a t i o n )  
condi t ion  a t  t h e   v e r t e x  formed by junc t ions  @ and as they meet, r a t h e r  
than   to   the   condi t ion   o f   f ree   ro ta t ion   cor responding   to   the   po in t   o f   in f lec-  
t i on   ( ze ro  moment) which  must e x i s t  a t  t h i s   j u n c t i o n .   I n   o r d e r   t o   o b t a i n  
co r rec t ly   t he   ze ro  moment c o n d i t i o n   e x i s t i n g  a t  t h e   v e r t e x ,  f must  be  allowed 
t o   a p p r o a c h   i n f i n i t y ,   r a t h e r   t h a n   z e r o ,   i n   t h o s e  terms of equation ( D 5 )  which 
arise from strain  energy  of   f rame  bending,  namely a l l ,  a12 and a2*. Doing 
th i s ,   one   ob ta ins   t he   fo l lowing   l imi t ing   va lues   o f  a l l ,  a12 and a22 f o r   u s e  
i n   e q u a t i o n  ( D 5 ) :  

a12 
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where 

I 2 3 2 4 

A1 1 E 7 6 8  a2 (f) + 144(15a2 + 2a + 3 )  (E) + 432(3a  + 1) (E) 
3 2 4 

A22 E 4 8 ( a  + 3 ) 2 ( 3  + 144 (a + 3 )  (t) 
- 2 3 2 4 
*12 E - 2 8 8 ( 3 a  + 2a + 3 )  (2) - 8 6 4 ( a  + 1) (i) 

Inco rpora t ing   t he   above   l imi t ing   va lues   o f  a l l ,  a12 and a22 i n t o  

equat ion  (D5) a n d   l e t t i n g  f approach zero i n   e q u a t i o n s  (D6) l e a d s   t o  

the   fo l lowing   express ion   for  G(TPE): 

b 2 
"1 + 2 1  ( - b l l y +  c u + c u + - d  -- 1 dv2 cose 

01 0 11 1 2 11 dz sin e )(6ul) dz 
-b dz 
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where 
- 1  2 ell = Gtk s i n  8 + G (- 

e 

- 1  J2 
e22 = G - 

k2 

- 1  J2 
e12 = G - cos0 

k2 

D i f f e r e n t i a l   e q u a t i o n s  and  boundary  conditions.- From the   van i sh ing  of 
t h e  &(TPE), equation (D9), the   fo l lowing   condi t ions  are obtained,  analogous 
to   equa t ions  (B8) through (B11): 

4c u b + 2cO1 00 0 r u l  dz - 2F = 0 
-b 

2 
ul - b l l  7 + c u + c l lu l  + - d -- - - 0  1 cose dv2 

01 0 2 11 sin20 dz 

1 case d u ~  1 v2 

dz 

2 
1 

a22 v2 - 2 dl l  - - - e22 - = 0 2 2 dz s i n  8 dz 

dul 
( -22  

= o  
z = k b  

case I dv2 
( d l l u l  2 + 2e22 az) = o  

s i n  8 z = f b  

where 
1 - COS e - case - 2 

a22 E all 4 + 2a12 2 + a22 
s i n  0 s i n  e 

I - I  COS e -I 
2 case - I  

e22 E ell 4 + e22 + 2e12 7- 
s i n  e s i n  6 
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The a b o v e   e q u a t i o n s . a p p l y   t o   t h e  case of   point   a t tachments  a t  the   ends  
o f   t he   t rough   l i nes   on ly   ( f ig .   3 (a ) ) .   Fo r   t he  case i n  which  there  are a l s o  
point   a t tachments  a t  the   ends  of t h e  crest l i n e s   ( f i g .  3 ( b ) ) ,  equat ion  (D14) 
must  be  replaced by 

v2(+  b) = 0 (Dl61 

This  replacement  must  be made a l s o   f o r   t h e  case i n  which  there  are wide 
attachments at  the   ends   o f   t he   t rough   l i nes   ( f i g .   3 (d ) ) .  

So lu t ion   o f   t he   d i f f e ren t i a l   equa t ions . -   Equa t ions  (D12) have  the  par- 
t i c u l a r   s o l u t i o n  ... 

C 01 

11 u1 = - -  c “0 

v = o  2 

To t h i s  must be  added  the  complementary  solution,  which is  t h e   s o l u t i o n  
of   the  homogeneous system  obtained by omi t t i ng   t he  term co l  uo from t h e  f i rs t  
of   equat ions (D12). A s  i n   t h e   g e n e r a l   c a s e ,   s o l u t i o n s   o f   t h e  homogeneous 
system w i l l  be   sought   in   the  form 

- 
- I  r z  

u1 = A e  
- 

- I  r z  
v2 = D e  

S u b s t i t u t i o n  of th i s   assumpt ion   in to   equat ions  (D12) wi th   t he  uo term 

omi t ted   l eads   to   the   fo l lowing   condi t ions   on  A , D and r : 
- - 1   - 1  

“ 

2 11 ’ d  cos6 
2 s i n  6 

cos6 - r l 

a -  22 
- 2  

e22 

I 

which   l eads   t o   t he   fo l lowing   cha rac t e r i s t i c   equa t ion   fo r  r : 
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or 

where - - 
R er 

1 

with 

COS e + - 2 e  

4 
- *  - 1 G ,  k, 
eZ2 = - - 

E s i n  e 

- 
Equation  (D21) will  have  four  roots  for R, two of them  being  the 

negatives of the  other two. FOJ any  geometries of interest  the  roots  will 
all  be  real.  Denoted by R1? Ft2? R3 and R4, they  can  be  represented  as 

- 

... 
R2 = - X  

R3 = Y 

- - 
where X and Y are  real  members. 
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- .. 
The following series expansions  for  X and Y are read i ly   ob ta ined :  

where 

L 

qO k20  + q03 k40  

... 

I 

P3 = - - 
k20  

k20  P3L + k22 p1p3 + k40 p;p3 " k.42 p1 
Y 

Pg = - - -  
k20 PI 

... 
Corresponding t o  any  root  R = R t h e r e  is a r e l a t i o n s h i p  between A and 

- 1  

- 1  - 
D which  can  be  obtained by s u b s t i t u t i n g  r = r = R . / e  i n t o   t h e   f i r s t   o f  equa- 

j - -  

- 1   - 1  j 3  - 1  - 1  

t i o n s  ( D 1 9 ) .  L e t t i n g  A and D 

wi th  R = R t h i s   r e l a t i o n s h i p  can 
j j 

j' 
- 1  

denote   the  values   of  A and D assoc ia t ed  

b e   w r i t t e n  as 

5 - - Yj 

where 
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Taking  into  account  equations (D25), it 

.. 
I - 
Y1 - - y2 = [T (1 + f) - - 

Y3 = - y4 = [” (1 + - - 

- 1 X 
X 3 

1 e Y  

Y 3 

I 

I .. 

follows  that 

I 

1 

Summation  of  the  four  solutions  of  the  form of equations (D18) leads 

to  the  following  complete  complementary  solution: 

- z  ” z  -X- ” z  

u1 = A1 e + A2 e + A 3 e  + A 4  e  e 

” 

- 1  x; - 1  e - 1 Y- e - 1 -Y- z 

I 

z 

v2 = Y1 ” 6; 5 - 
Expressing  the  exponantial 

” .. - 
t - - 1  Y- 

functions  in  terms  of  hyperbolic  functions, 

discarding  the  terms  which  do  not  have  the  proper  symmetry  (in  the  case  of u ) 2 
or  antisymmetry  (in  the  case  of  v2)  with  respect  to z ,  and  adding  the  parti- 

cular  solution,  equations (D17), one  obtains  the  following  complete  solution 

for  the  displacements u1 ( z )  and  v2 ( z )  : 

- - - 
v2 = y x sinh - + y3 A3 sinh p YZ xz - - 

1 1  e 

where A1 and x3 are  new  arbitrary  constants,  to  be  determined from the 
boundary  conditions,  and - cO1/cl1 equals (1 + $ , in accordance  with 
equations (8). 

- 
e -1 

Evaluation of the  arbitrary  constants.-  For  the  case  of  point  attachments 

at  the  ends of the  trough  lines  only  (fig. 3(a)), the  boundary  conditions  are 

equations (D13) and (D14). Substitution  of (D33) into  those  equations 

leads  to  the  following  equations  defining A1 and x3 : - 
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- sinh - e 

where 

Pll = x 

P12 = Y 

P2 = - cote 
1 + e  k 

For  the  other  two  kinds  of  end  attachment  (figs. 3(b) and 3(d)), equation  (D16) 
replaces  (D14)  as  a  boundary  condition.  This  results  in 

- - 
A1 = A3 = 0 

which  makes  the  particular  solution  (D17)  also  the  complete  solution  and  implies 
that  the  corrugation  sheet  is  in  a  state of uniform  shear  like  that  obtainable 
by  continuous  attachment.  This  case  therefore  requires  no  further  analysis,  and 
the  remainder  of  this  appendix  will  pertain  only  to  the  case  of  point  attachments 
at  the  ends of the  trough  lines  (fig. 3(a)). 
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Retat ionship  between F and u .- With u (z) now known i n  terms of u 

equat ion  (D11)  y i e lds   t he   fo l lowing   r e l a t ionsh ip   be tween   shea r ing   fo rce  F 

and r e l a t ive   shea r ing   d i sp l acemen t  2u0 of t h e   s i d e s  of t he   co r ruga t ion :  

1 0’ 

F Gtb - - -JI e 
” 

2u0 

where 

As i n   t h e   g e n e r a l  case, r e l a t i v e   s h e a r   s t i f f n e s s e s  and  an e f f e c t i v e   s h e a r  

modulus  can  be  defined.  Equations  (37)  through  (46)  of  the  body  of  the 

paper s t i l l  apply  with f set  equal   to   zero  and JI rep laced  by JI . - 

Q e  A1 - i z  A3 - 
E uo uO e uo 

- - - 
- =  - X  s inh  - + - Y s i n h  - Y Z  

e 

The middle-surface  shearing stresses, ob ta ined   w i th   t he   a id  of t a b l e  2 
and  equations  (D33), are given  in   dimensionless   form as fol lows:  

- 
‘Ole 

- 
*1 iz A3 

uo l + k  uo e uo 

- 
- = --  + - cosh - + - cosh - Y Z  

e 
e 

(D41a) 

(D41b) 

where t h e   s u b s c r i p t s  01 and 1 2  r e f e r   t o   p l a t e  elements 01 and 1 2  re- 
spec t ive ly .  
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From t h e  rates of t w i s t  i n   t a b l e  3 and the  displacement   equat ions (D33) 
the  fol lowing  equat ions are obta ined   for   the   ex t reme-f iber   shear ing  stresses 
due t o   t o r s i o n ,   i n   p l a t e   e l e m e n t s   0 1  and 12 r e spec t ive ly :  

1 

" 
t cos0 
e I - - -  

s i n  9 
2 W(Z> 

uo 
1 

where .. 
" - 

*1 

uO 

xz 
Xb - y1 X cash - e W(Z) E (- s i n h  r) - 

s i n h  - Xb 
e -  

The frame  bending moments and associated  extreme-fiber  bending stresses 

w i l l  be   zero a t  junc t ions  @ and @ b e c a u s e   i n   t h i s   s p e c i a l  case these   junc t ions  

meet t o  form a l i n e  of i n f l e c t i o n   p o i n t s .  The frame  bending moments a t  junc t ions  

@ and 0 can   be   ob ta ined   by   f i r s t   i n t roduc ing   cond i t ion  (D2) i n t o   t a b l e  A l ,  

wr i t ing   equat ions  (Al) f o r  Mol and M12, and   then   le t t ing  f -+ m (not   zero) ,  

as d iscussed  earlier. The associated  extreme-f iber  stresses 

obta ined  by mult iplying  the  bending moments  by 6 / t   I n   t h i s  way the  fol lowing 

I 1 

2 and CJ 0 are 

r e s u l t s  are obtained: 

h = a  - l2 cOse (1 + ;) (2 + E)(-) v2 
E'O 1 - v  S s in2e  uo 

1 I 

i n   w h i c h .  @ and "0 are pos i t ive   €or   compress ion   in   the   upper   f ibers ,  

t e n s i o n   i n   t h e   l o w e r   f i b e r s .  
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APPENDIX E 

SPECIAL  CASE: e = 0 

For t h e   s p e c i a l   c a s e  e = 0 (f ig .   1O(c))   the   plate   e lements  a t  the   t roughs  
are of z e r o   w i d t h ,   w i t h   t h e   r e s u l t   t h a t   t h e  two ad jacen t   s lop ing   p l a t e   e l emen t s  
meet t o  form a vertex a long   the   t rough  l ine .  

T h i s   s p e c i a l  case can  be  obtained  f rom  the  general  case by f i r s t  imposing. 
a long  junct ion 0 t h e  same displacement   condi t ions as ex i s t   a long   j unc t ion  a, 
namely 

"he condi t ion  

e + O  (E31 

i s  then  imposed t o  simdate t h e   c o n d i t i o n  of c lamping   (zero   ro ta t ion)   a long   the  
t rough  l ines ;  or  the   cond i t ion  

J: 

e + m  (E4 1 

i n   o r d e r   t o   s i m u l a t e  a h inged   a t t achmen t   ( f r ee   ro t a t ion )   a long   t he   t rough   l i nes .  

Applying  the  above  procedure  to  equation (B4), t h e   l a t t e r  becomes 

7 
G(TPE) = (6uo) F -  + 2c12u2)  dz 

-b 

b d2 u 2 1 dv2 + 2 (-bZ2 p + c12 uo + cZ2 u2 + d22 (6u2) dz 

-b 

b 
+ d'2 d2v2 1 ('22 v2 - 2 22 dz - -  e22 T) ( 6 ~ ~ )  dz 

-b 

where 
- 
coo = Gt/k 
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and  a22  has  the  following  two  different  values,  depending on  whether  the 
trough  lines  are  prevented  from  rotating  (condition (E3)) or  free  to  rotate 
(condition (E4)): 

- 

2 3 

+ 12 (F) cos8 + 8(i> cos2e 
k k 

2 + 3 ~  k 

- 
a =  22 

f o r  rotation  along  trough  lines  prevented; 

- - 
a22 - 

for  freedom of rotation  along  the  trough  lines. 

From  the  vanishing  of G(TPE),  equatiori  (E5), the  following  equations 
governing  u2  and  v2  are  obtained: 

- 2F + 4 coo u0 b + 2 c12 - I b  u2  dz = 0 

-b 

d2u2 
- b22 dz2 + c12 uo + cZ2  u2 + 

- du2  d2v2 
a22  v2 - 3 d22 dz - e - -  - 0  22  dz2 

(2) = 0 

z = + b  

The  above  development  is for the  case  of  attachments  at  the  ends  of  the  trough 
lines only (figs.  3(a)  and  3(d)).  With e = 0 the  presence  of  additional 
attachments  at  the  ends  of  the  crest  lines  (fig. 3(b)) is tantamount  to  contin- 
uous  attachment,  within  the  framework  of  the  present  type of analysis. (A 
similar  phenomenon  was  observed  in  appendix D for  the  case  f = 0.) 
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. . . . . . . . . . . ._ . . . " - ___ . . . _. .. . . .___ . - . . . . " . - . .. . 

Solution of.the differential  equations.-  Equations (E9) have  the  particular 
solution 

=12 

c22 
u = - -  
2 U 0 

v2 = 0 

The  terms of the  complementary  solution  will  be  assumed  in  the  form 

n 

u2 = A e  rz 

v2 = D e  rz 

Substitution  of  these  expressions  into,eq?ations ,(E91 with  the uo term  omitted 
leads  to  the  following  conditions on A, D  and  r: 

n 

from  which  arises  the  following  characteristic  equation  for  r: 

b22 G2- c 22 

1 - + d22 

n 

" I d22 

- - 2  
a22 - e22 

= o  

or 

where 
n 

R : kr 
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and 

wi th  

1 

k42 = - " E' g' (2 + z-(~ f + 2 k 2  cos e )  
18 E E 

2 3 

1 + 6 T + 1 2  (F) cos0 + 8(7)  COS 8 
k k k 2 - *  

a =  22 - k (E19a) 
2(1-v2)  (2 + 3 i) 

f o r   t h e   c a s e   i n   w h i c h   t h e   t r o u g h   l i n e s  are clamped, o r  

k  k 2 + 2 - case) - *  - f a -  
22 - 2(1-v2) (1 + 2 $ k (E19b) 

f o r   t h e   c a s e   i n  which the   t rough   l i nes  are f r e e   t o   r o t a t e .  
,-. 

Equation (E16) w i l l  have  four  real  r o o t s ,  R1, R 2 ,  Rg and R 4 ,  repre- 
s e n t a b l e  i n  the  following  form: 

R = X ,  R = - X ,  R = Y ,  R 4 = -  Y 1 2 3 

n n 

where X and Y are real  numters. Series expansions may be   u sed ,   i f   des i r ed ,  
f o r   t h e   e v a l u a t i o n   o f  X and Y.  These  expansions are 

2 4 
c. n 

x = qo + q  (-) + q (-) + .... " t  " t  
2 k  4 k  
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A n A A 

where  qo, q2, .... and p l y  p3, .... are  defined  by  equations  (D27)  and 
(D28)  with  all  tildes (-) replaced  by  circumflex  accents (A).  

n A A A 

Letting A and D denote  the  values of A and D associated  with  the 
j j 

root R = R the  relationship  between  them  can  be  obtained  from  the  first  of 

equations (E14). It  is 
j' 

where 

jj = [-$ (1 + 2 r) - - R. - (2 + k 1 -  E' 

R 6 J G  sine 
j 

Taking  into  account  equations  (E20),  it  follows  that 

- 7 
A 

Y1 = -  sine 

r 1 

- =l. (1 + 2 -1 - "y 
k l A E '  
f 6  sine Y3 = - Y4 

Summing  the  four  solutions of the  form  of  equations  (E13),  adding  the 

particular  solution,  equations (E12),  and  taking  into  account  the  fact  that 

u2  must  be  even in z, u2  odd  in z ,  one  arrives  at  the  following  complete 

solution of the  differential  equations (E9): 

A A 

c12 * XZ u = - -  u0 + A1 cash - + A3 cosh - * YZ 
2 C k  k 22 

A * 
v2 = y1 A1 sinh - + y x2 A * Yz 

k A3 sinh - k 

* * 
where A1 , A3  are  arbitrary  constants  to  be  evaluated  from  the  boundary 
conditions,  and - c12/c22  equals (1 + 2 $)-' , in  accordance  with  equations 
(8). 

Evaluation  of  the  arbitrary  constants.-  The  boundary  conditions  (E10)  and 

(Ell) lead  to  the  following  equations  defining 
* * 

A1  and  A * 3 -  
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where 

A 

Q11 = X 

A 

912 = Y 

,. ^ f  
2 

Q2 1 = [(- 2 s i n e  + y 
2 t G'^ A X 'i; s in20)  + 7 (E) E y 1  X (1 + 2 

(E271 
2 

A * f  2 
k Q22 = [(- 2 s ine  + y 3  Y - s i n  0 )  + Yb 

Q2 = 
2 s in0 

1 + 2 f  k 

-~ RelatAonship  between F and u .- With u (2) now  known i n  terms of 2 uO 
equa t ion  (E8)  y i e l d s   t h e   f o l l o w i n g   r e l a t i o r   h i p  between the   shea r ing   fo rce  F and 
the   re la t ive   shear ing   d i sp lacement  2u 0 .  

F Gtb A - = -  

2u0 k '  

where 

* 
- ($- s i n h  %)& Yb 

The r a t i o  .Q o f   t h e   s h e a r i n g   s t i f f n e s s  (E28) t o   t h a t   o f   t h e  same cor ruga t ion  
with  continuous  end  attachment  producing  uniform  middle-surface  shear  strain  through- 
o u t   t h e   s h e e t  i s  given  by 
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On t h e   o t h e r   h a n d ,   t h e   r a t i o  n' o f   t h e   s h e a r i n g   s t i f f n e s s  (E28) t o   t h a t  of a 
uniformly  sheared f l a t  p l a t e   o f   t h i ckness  t ,  l eng th  2b, and  width p is  

Defining  an  effect ive  shear   modulus as t h e   r a t i o  of   the   average   shear  stress 

FIPb t   t o   t he   ave rage   shea r   s t r a in   2u0 /p ,  i t  is e a s i l y   s e e n   t h a t  
Gef f  

Gef f  
= G Q' 

Stresses . -  The longi tudina l   normal  stresses "0 a long   junc t ion  0,  obtained 
from t h e   s t r a i n s  du  /dz, are given  in   dimensionless   form by 2 

A1 A A3 A 

uO 

* * ,. ,. 
= -  X s i n h  - + - Y s i n h  - Y Z  

k E 'uo U 0 k 

The dimensionless  middle-surface  shearing stresses, as obtained  f rom  table  
2 and  equations (E25), are g iven  by 

" "12 u2 (2) - - -  
"0 

1 
U 0 

From t h e  rates of twist i n   t a b l e  3 and  equations (E25) the   fol lowing 

equat ions  are obta ined   for   the   ex t reme-f iber   shear ing   s t resses  '12 7 T i 3  due 

t o   t w i s t i n g   o f   t h e   p l a t e   e l e m e n t s  1 2  and 23   r e spec t ive ly :  

" - - - W(z) t -  
k G 'u0 

where 

- 
W ( Z )  = y1 X A1 cosh - + y 

* XZ * YZ 
Y A3 cash - k 

A A  , . A  

k 
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The  frame  bending  moments  at  junctions @ and @ can  be  obtained  by 
introducing  condition (E2)  into  table Al, then  writing  equations (Al) for 

M12 and MZ3, and  then  letting  e -+ 0 if  the  trough  lines  are  restrained  against 
rotation  or  e + m if  they  are  free  to  rotate.  The  resulting  bending  moments  are 

then  multiplied  by 6/t2 to  obtain  the  associated  extreme-fiber  bending  stresses 

6 and 6 . The  results  are  as  follows: 

when  the  trough  lines  are  restrained  against  rotating;  and 

e=, E u  
0 

1 + 2 - cose v,(z> k 
* = 3 t  f 
E u  0 l - v 2 f l + 2 -  k f uO 

when  the  trough  lines  are  free  to  rotate. 
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11 2b 

(a) Cross section 

I 

+- 

i I I I 

I 
n 

Plan view 

n 

Figure 1. - Configuration of trapezoidally corrugated plate 
considered in the present analysis. 
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" . . ". , , . , . . . . . . . . . . . . " 

( a )  Complete  freedom of r o t a t i o n  

(b)  Clamping 

Figure 2 .  - Types of e x t e r n a l   r e s t r a i n t   a g a i n s t   r o t a t i o n   c o n s i d e r e d  
a long   the   t rough  l ines .  
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- ,  

' , .a 

- .  . 

(a) Point  attachment  at  the  ends of the  trough  lines. 

(b) Point  attachment  at  the  ends of the  trough  lines  and  crest  lines. 

U U 

(c) Wide  attachment  at  ends of trough  lines  only. 

(d) Idealization of (c)  used  in  the  analysis:  Point  attachments  at 
the  ends of the  trough  lines,  and  point  attachments  permitting 
longitudinal  sliding  at  the  junctions of the  trough  plate  elements 
and  the  inclined  plate  elements. 

Figure 3. - Types of attachment  considered  at  the  ends of the  corrugations. 

I 
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(a) Diagram of middle 
surface of cross 
section. 

(b) Assumption regarding 
longitudinal displace- 

0 ments. 

__ 

(c) Component displacement 7-y modes €or displacements 
in the plane of the 
cross  section. 

/ _””. \ 

CD 0 0 “-” 

Figure 4 .  - Diagrammatic representation of assumptions regarding displacements. 
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Figure 5. - Photograph  showing  flexural  deformations  during  shearing 
of a  single  corrugation (from ref. 1). 



-- I 

Figure  6. - Sign  convention  for  joint  rotations  assumed  in 
the  analysis  for  strain  energy of frame  bending. 

6D 
M L -  L L 

- _  

L 

i M L = o  

M = a . - e  2D 
L L e 

% = O  """" >)MR = e 

t"-L4 

5 3  = L 
3(l+a)D a 

L 

%=-x- 
( 3+a) D e 

Figure 7. - End  moments ML and MR due  to  deflection A or  rotation 8 
of  the  right  end  of a uniform  beam  with  left  end  either 
clamped  or  hinged. (D = flexural  stiffness, a = 0 if  left 
end  is  hinged, a = 1 if  left  end  is  clamped) 
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Figure  8. - Nota t ion   fo r  end moments i n   t h e  frame  elements. 
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(a)  General  case 

(b) Special  case f = 0 

I I 

I I 
I I 
- P -  

(c)  Special  case  e = O 

Figure 10. - General and special  cross-sectional  geometries 
considered  in  the  analyses. 
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(a) h/p=.2 

F igure  11.- Relative s h e a r   s t i f f n e s s   f o r   t h e  case of   point   a t tachments  a t  

t h e  ends of the   t rough l i n e s .  

102 



1.0 

.9 

.8 

. 7  

.6 

s2 
.5 

.4 

. 3  

.2 

.1 

0 

.005 .01 .1 1 
b t / p  

2 

(b) h/p= .4  

Figure 11.- Concluded. 
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(a)  h/p=.2 
Figure  12.-  Relative  shear  stiffness  for  the  case  of  Point  attachments  at 

the  ends  of  both  the  trough l i n e s  and the crest l ines .  
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(b) h/pn*4 
Figure 12. - Concluded. 
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(a) h/p=.2 
Figure .13.- Relative shear stiffness for the case of wide  attachments at 

the ends of the trough linea. 
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Figure 13.- Concluded. 
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(a)  h/p=.2 
Figure  14.- R e p l o t  of the  data of figure  11. 
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Figure 14.- Concluded. 
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Figure 18. - Sign  convention for T ~ ~ ,  T' and u '  . 
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Figure 19.- Study of  the e f f e c t  of G "  and D on the  shearing  stiffness.  
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OVERALL SHEAR DEFLECTION, 2u0 (INCHES) 

F i g u r e  20. - C o m p a r i s o n   p r e s e n t   t h e o r y   ( s o l i d   l i n e s )   w i t h  
e x p e r i m e n t  of r e f e r e n c e  2 ( d a s h e d   c u r v e ) .  
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